WHEN DO THE R-BY-R MINORS OF A MATRIX FORM A 

TROPICAL BASIS? 
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Abstract. We show that the r-by-r minors of a d-hj-n matrix of variables 
form a tropical basis of the ideal they generate if and only if r < 3, or r = 
min{d, n}, or else r = 4 and min{ci, n} < 6. This answers a question asked by 
M. Chan, A. Jensen, and E. Rubei. 



1. Introduction 

The tropical semiring is the set R of real numbers with the operations of tropical 
addition and tropical multiplication that are defined by 

a Q) b — min{a, &}, a (x) b = a + b. 

Being important for many different applications (see [T1[21[S]), the tropical semiring 
is also of considerable interest for studying algebraic geometry, see [51 [5] . One of 
the important concepts is the notion of the rank of a tropical matrix, see [1] |3] . In 
contrast with the case of matrices over a field, there are many different important 
rank functions for tropical matrices. Most of these functions have been described 
and were investigated in [1] |4] . 

It is sometimes useful to extend the tropical semiring with an infinite positive el- 
ement, denoted by oo. The semiring (R U {oo}, min, +) is called the completed trop- 
ical semiring and denoted by T. The binary boolean semiring B = ({0, oo}, min, +) 
will also be useful for our considerations. We start with the definition of tropical 
rank, which is one of the most important notions for studying tropical matrices. 

Definition 1.1. The tropical permanent of a matrix S G R"^" is defined by 
(1.1) perm(S') = min {si.^(i) + . . . + s„^^(„) } , 

where iS„ denotes the set of all permutations on {1, ... ,n}. S* is called tropically 
singular if the minimum in (jl.ip is attained at least twice. Otherwise S is called 
tropically non-singular. 

Definition 1.2. The tropical rank, rkt{M), of a matrix A/eM^^'' is the largest 
number r such that M contains a tropically non-singular r-by-r submatrix. 

The notion of tropical linear dependence is also important for our considerations. 

Definition 1.3. A family of vectors ai,...,am G R" is called tropically lin- 
early dependent (or simply tropically dependent) if there exist Ai,...,Am G T 
such that (Ai,...,Am) 7^ (cxd, . . . , cxd) and for every k G {l,...,n} the mini- 
mum in min^]^{Ar -|- Orfc} is attained at least twice. In this case, the tuple 
(Ai, . . . , Am) G T™ is said to realize the tropical dependence of the family oi, . . . , 
If a family is not tropically dependent, then it is called tropically independent. 
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The Kapranov rank is the other important notion we deal with. In order to 
define this notion we need the fohowing structure, which arises from the study of 
algebraic geometry. 

Definition 1.4. By K — C[[t]] we denote the field that consists of the formal sums 

a{t) — ''^^Uet'^ ,ae e C, 

such that the support E{a) = {e G M : Oe 7^ 0} is a well-ordered subset of M. The 
degree map deg : K* M takes a sum to the exponent of its leading term, i.e. 
dega = mini? (a). By definition, the degree of the zero element of K is cx). 

Remark 1.5. In what follows, the symbol t always denotes the variable of an element 
of the field K = C[[t]]. 

We can naturally generalize the degree map for matrix arguments. Namely, we 
write B = degA for matrices A G K™''", B e T™^" if dega^j = b,j for ah In 
this case, the matrix A is said to be a lift of B. The Kapranov rank of a matrix 
can be defined in the following way (see [H Corollary 3.4]). 

Definition 1.6. The Kapranov rank of a matrix B G ]]j™x" jg the smallest rank 
of any lift of B, i.e. 

rkK{B) = min {rank{A) | A G K™^", deg A = B } , 

where rank is the classical rank function of matrices over the field K. 

The notion of Kapranov rank was introduced by Develin, Santos, and Sturmfels 
in [4]. They prove the following theorem. 

Theorem 1.7. '4', Theorems 1.4, 5.5, and 6.5] Let A G R™^". Then rkxiA) > 
rkt{A). If rkt{A) < 2, then rkK{A) = rkt{A). If rkt{A) < min{m,n}, then 
rkidA) < min{m, n}. 

In [4 it was also shown that the functions of tropical and Kapranov rank are 
indeed different. The example of a matrix C G M^^^ such that rkt{C) — 3, 
rkxiC) — 4 was provided in !4i. Also, in |4] the connection between the Kapranov 
rank and the notion of realizability of matroids was pointed out. 

Further investigations of the Kapranov rank have been carried out in [3J |21 HH] ■ 
Kim and Roush in [8] prove that it is NP-hard to decide whether the Kapranov 
rank equals 3 even for 01-matrices. It is also shown in [8 that there exist matrices 
with tropical rank 3 and arbitrarily high Kapranov rank. 

Chan, Jensen, and Rubei prove the following theorem. 

Theorem 1.8. [3j Corollary 1.5] Let a matrix A G K."^^" be such that mm{d,n} < 
5. Then rkt{A) = rkxiA). 

The following example of a matrix with different tropical and Kapranov ranks 
is minimal possible with respect to the size of matrices. 

Example 1.9. [13 Example 2.1] Let 
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Then rkt{A) = 4, rkxiA) = 5. 

In our paper we use these notions of rank to give an answer for a question on 
tropical bases. For a vector lu £ R", the u-degree of a monomial ...a;^" is 
defined to be X]r=i ^iPi- The initial form of a polynomial / S C[a;i, . . . , Xn] with 
respect to w, in(^(/), is the sum of terms in / that have minimal w-degree. The 
tropical hypersurface of / is the set 

T(/) = {w G K" I in(^(/) is not a monomial} . 

If / C C[a;i, . . . , Xn] is an ideal, then the tropical variety of / is the set 

ni) = n r(/). 

A tropical basis of / is a finite generating set {/i, . . . , /„} such that 

r(/) = r(/i)n...nr(/„o. 

Let us now consider the d-hy-n matrix X whose elements are unknowns Xij . By 
I,"^" C C[a;ii, . . . ,Xrf„] we denote the ideal that is generated by the r-by-r minors 
of X, by Z^" the tropical variety of The fundamental theorem of tropical 

varieties (see |TT]) implies that the Kapranov rank of a matrix A G R''^" is less 
than r if and only if A G I^" , see also [31 13] . We also note that the intersection 
of all tropical hypersurfaces defined by the r-by-r minors of X is exactly the set of 
all d-hy-n matrices whose tropical rank is less than r. Thus we can see that the 
r-by-r minors of X form a tropical basis for if and only if every d-hy-n matrix of 
tropical rank less than r has the Kapranov rank less than r. The following question 
was posed in [3j . 

Question 1.10. [3l Question 1.1] For which numbers d, n, and r do the (r -I- 1)- 
by-(r + 1) minors of a d-hy-n matrix form a tropical basis? Equivalently, for which 
d, n, r does every d-hy-n matrix of tropical rank at most r have Kapranov rank at 
most r? 

Our paper gives the answer for Question 11.101 Namely, we prove the following 
theorem. 

Theorem 1.11. Let d, n, r be positive integers, r < minjrf, n}. Then the r-by-r 
minors of a d-hy-n matrix form a tropical basis if and only if at least one of the 
following conditions holds: 

(1) r < 3; 

(2) r = min{d, n}; 

(3) r = A and minjd, n} < 6. 

Remark 1.12. We assume r < minjd, n} in Theorem 11.111 because the assumption 
r > minjd, n} gives a degenerate case of Question II. 101 Indeed, by definitions, the 
empty set always generates the zero ideal and trivially forms a tropical basis for it. 

The paper is organized as follows. In Section 2, we obtain auxiliary results 
that are helpful to prove the main results of our paper. The characterization of 
the tropical rank via linear dependence, which was proved by Z. Izhakian in [7 in 
rather a complicated way, is obtained as a corollary of Theorem 11.71 Section 3 is 
devoted to the proof of the fact that the 4-by-4 minors of a 6-by-n matrix form a 
tropical basis. In Section 4, we finalize the proof of the main result. 
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The following notation will be used throughout our paper. By A[ri, . . . ,rk] 
we will denote the matrix which is formed by the rows of a matrix A with num- 
bers ri,...,rfc. We will also use the designation yl[ri, . . . , rfcjci, . . . , q] for the 
matrix which is formed by the columns of A[ri, . . . , r/j] with numbers ci, . . . , c;. 
By Aij we will denote the cofactors of an n-hy-n matrix A over a field, i.e. 
A^j = (-l)*+-''detyl[l,...,i-l,i + l,...,n|l,...,j-l,j-t-l,...,n]. Also, we will 
abbreviate the collocation 'without a loss of generality' by 'w.l.o.g.', 'permutations 
of rows and columns' by 'p.r.c' 

2. Preliminary results 

This section provides some auxiliary results that are helpful to prove the main 
results of our paper. In particular, we introduce the notion of a pattern of a matrix 
and obtain straightforward properties of definitions. We also consider systems of a 
small number of linear equations over K. 

2.1. The pattern and simple properties of tropical matrices. First, we in- 
troduce the notion of a pattern of a matrix. 

Definition 2.1. The pattern of a matrix A e M™^" is the matrix B e B™^" whose 
entries (buv) are defined by 

^ _ I if Guv = mm^i{aiv}, 
|oo if Guv > min™ ^{ai^,}. 

The pattern of A is denoted by V{A). 

Definition 2.2. The support of a vector & £ B" is the set of all i £ {1, . . . ,n} such 
that the ith coordinate of b equals 0, i.e. bi — 0. The support of jth column of a 
matrix A G l™"^" is denoted by SupPj (A). 

The concept of tropical rank is also useful in the case of matrices over B. 

Definition 2.3. A family of vectors ai, . . . , £ is called M-tropically linearly 
dependent (or simply M-tropically dependent) if there exists a nonempty set / C 
{1, . . . , m} such that for every k G {1, . . . , n} the cardinality of the set {i G I \ = 
0} is different from 1. In this case, / is said to realize the M-tropical dependence of 
the family ai, . . . , If a family is not B-tropically dependent, then it is called 
M-tropically independent. 

Lemma 2.4. Let A e M™^", B = V{A). Let numbers {Xr} (t runs over a set 
I C {1, . . . , m} ) realize the tropical dependence of the rows of A with numbers from 
I. Set I — {p £ X\\p = min7-£i{A^}}. Then I realizes the M-tropical dependence 
of the rows of B . 

Proof. Assume the converse. Then, by Definition l2.3[ for some fc G {1, . . . , n}, i e / 
it holds that Oik = 0, and for every i' G I \ {i} it holds that Oiik — oo. In this 
case, by Definition 12.11 Xj + ajk > Xi + Oik for every j G I \ {i}. This contradicts 
Definition O □ 

Definition 2.5. Let n > 1. A matrix S G B"^" is called M-tropically singular if 
the minimum in ()1.1|) is attained at least twice. Otherwise S is called M-tropically 
non-singular. 
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Lemma 2.6. The size of any M -tropically non-singular submatrix of the pattern of 
a matrix A G R"^™ cannot exceed the tropical rank of A. 

Proof. By Definition I2.1[ B-tropical non-singularity of a submatrix 
'P{A)[ri, . . . ,rk\ci, . . . ,Ck] implies the tropical non-singularity of the subma- 
trix A[ri, . . . , rfcjci, . . . , Cfe]. Now the lemma follows from Definition 11.21 □ 

We introduce the natural equivalence relation for tropical matrices. 

Definition 2.7. The equivalent transformations of a matrix A G jjmx" ^j-g the 
permutations of rows, of columns and the tropical multiplication of some row or 
column by a number u e M. Matrices A,Bg ^mxn ^^^^ ^^^^ -^^ equivalent 
if they can be obtained from each other by applying a composition of equivalent 
transformations. 

The following lemmas follow directly from definitions. 

Lemma 2.8. // matrices A,Be Rmxn gquiyalent, then rkt{A) = rkt{B), 
rkK{A) = rkK{B). 

Lemma 2.9. Let A G E'"^". If B is a submatrix of A, then rkt{A) > rkt{B), 
rkK{A)>rkK{B). 

Lemma 2.10. Let tuples (Ai, . . . , Am); ■ • ■ i f-m) both realize the tropical depen- 
dence of a family ai, . . . , am G K"- Then the tuple (min{Ai, /^i}, . . . , min{A„i, f-m}) 
realizes the tropical dependence of the family ai , . . . , as well. 

Lemma 2.11. Let A G (IT')™^". Let a nonzero vector (Ai, . . . , \„i) € IT" be such 
that X)"=i ^i'^ik = for every fc G {1, . . . , n}. Then the tuple (deg Ai, . . . , deg Am) G 
T'" realizes the tropical dependence of the matrix deg A G R™^". 

Proof. Assume the converse. Then for some k G {1, . . . , n} it holds that deg A^^ -I- 
degOigk < degAi -I- degOik for every i G {!,..., m} \ {io}- This implies that 
deg(X]I!li ^iO'ik) — degXig -f degaj^fe / oo and gives a contradiction. □ 

2.2. Systems of linear equations over K. It will be very important for our 
further considerations to decide whether a given system of linear equations over K 
has a solution with prescribed degrees of unknowns. This section provides some 
important sufficient conditions for systems with three, two, or a single equation. 

Lemma 2.12. Let A G {hi,...,he) e R^ 

minjdegaji + hj} < oo. 

1=1 

Let numbers u,v,y, z G {l,2,,i,4:,5,6} be pairwise distinct. Let deg det A[p,q,r] = 
D — (hp -\- hq + hr) for every pairwise distinct p,q,r G {u,v,y, z}. Then there 
exist xi,...,xe G K such that degXj = hj for every j G {1,2,3,4,5,6}, and 
Yfj=i (^ji^j = fo"^ every i G {1, 2, 3}. 

Proof. 1. We assume w.l.o.g. that {u,v,y,z} — {1,2,3,4}. We set X4 = ^t''", 
X5 = i'*^ , xq = t^^ , where ^ is a certain element of C* . 
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2. Denote 
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V Eq=4"-3ia;g Eg=4a922:q ^,=40932:? ) 

We define the elements xi, 0:2, to be a (unique) solution of the linear system 
^p^j^ OpjXp = a4,j, i G {1,2,3}. It remains to check that degXj = hj for any 
J €{1,2,3,4,5,6}. 

3. From item 1 it follows directly that degx^v = hji for any f e {4, 5, 6}. 

4. Further, assume j = 1. The Cramer's rule for solving linear systems shows 
that 

_ detA^[4,2,3] 
~ detA'[l,2,3]' 

By the assumptions of the lemma, deg det A[l, 2, 3] = D — {hi + /12 + /13). Thus we 
need to check deg det ^'[2, 3, 4] = D - (/12 + /ig). By ((2J]) . 

det yl'[2, 3, 4] = X4 det A[2, 3, 4] + (051X5 + a6iX6)(a22a33 - 023032)+ 

(2.2) + (0520:5 + a62a;6)(o2303i - 021O33) + (053X5 + a63a:6)(o2ia32 - 022031). 

Let us now obtain a lower bound for the degrees of the terms in the right-hand 
side of (122]). For any a G {4, 5, 6}, /3, 7 £ {1, . . . , 6} it holds that 

deg(xaOaio^20^3) = deg(a;aOQi) + deg 0^2 + deg 0-^3 > 

6 / 6 \ / 6 \ 

> min{oji + /ij}+ min{oj2 + hj} - /i2 + min{oj3 + hj} - h^ \ ~ D-(h2 + hz)- 



3=1 Vj=i / Vj=i 

By item 1, dega;4=/i4, so the assumption of the lemma implies that 
deg(a;4det^[2,3,4])=i:»-(/i2+/i3). This shows that the term 0:4 det ^[2, 3, 4] = 
^f'** det A [2, 3, 4] has the lowest degree among the terms of the right-hand side 
of ((2?2|) . Therefore the condition deg det A' [2, 3, 4] = D - {h2 + hs), and thus the 
condition degxi = hi, holds for all but one complexes ^. 

5. In the same way we can prove that the conditions deg X2 = /i2 and deg = /13 
also hold for all but one or two complex numbers ^. □ 

We need the following lemma to prove a similar statement for systems with two 
equations. 

Lemma 2.13. Let S E |f2xm^ Then there exists^ G C* such that deg{^sik+S2k) = 
min{degsifc, degS2/c} for every fc G {1, . . . , m}. 

Proof. If Sik 7^ 0, we denote the coefficient of the leading term of Sik by aik- 
If Sij = 0, we choose aik G C* arbitrarily. Now it remains to choose ^ G C \ 
{0.-^,...,--^}. □ 

Lemma 2.14. Let each column of a matrix A G K^^'^ contain a nonzero element, 
and deg{apiaq2—aqiap2) = min{degOpi-|-degaq2, degaqi-|-degOp2} for any different 
p,q G {1, . . . , 5}. Let (hi, . . . , /15) G M^, we denote by Qi (i G {1, 2} ) the set of 
all 77 G {1,2,3,4,5} that deliver the minimum for min^{dego^i -|- /i,,}. Let also 
|Qi| > 2, IO2I > 2, |8i U 82I > 3. Then there exist xi,...,X5 G K such that 
degXj — hj for every j G {1, 2, 3, 4, 5}, and J2i=i '^ji^j = ^ /o'^ * ^ {1> 2}. 
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Proof. We denote 6i = min^^;^{aji + hj}, 62 = min^^;^{aj2 + hj}. We assume 
w.l.o.g. that 1 G 81, 2 G 82, and both 81 and 82 have a non-empty intersec- 
tion with {3, 4, 5}. These settings imply that minf^g {degdet j4[1, b] + hi + h^} = 
minf=3 {degdet A[2.,l] + h2 + h^} — 9i + 92- From Lemma [2. 131 it then follows that 
there exist C3i'?4,C5 S C* such that 

deg {^deiA[l,i]t'''+''^i}j = deg {^deiA%L]t''-+''^s}j -^?l+02. 



^.i'*' for 
0. □ 

We also prove a similar lemma for a single linear equation. 

Lemma 2.15. Let I G X"* be such that dcgl realizes the tropical dependence of a 
vector a G M™. Then there exist xi, . . . ,Xm G K such that AegXj = aj for every 
j G {1, . . . , m}, and T,'jLi ^i^i = ^■ 

Proof. Let the minimum in min"^]^{aj + degZ^} be provided by ji,---,jk G 
{1, . . . ,m}. Definition II .31 implies that k > 1. Now it is enough to set Xj = t"-^ for 

jG{l,...,m}\{ji}, andx,, =-^|^. □ 

The following equivalent characterization of the tropical rank was proved by 
Izhakian in [7] in rather a complicated way, see also [T]. We now obtain this 
characterization as a corollary of Theorem 11.71 

Theorem 2.16. The tropical rank of a matrix A G M™^" equals the cardinality of 
the largest tropically independent family of rows of A. 

Proof. Let ri , . . . , Tc be the numbers of the rows the largest tropically independent 
family of A. Lemma 12.151 now shows that the Kapranov rank of any submatrix 
A[r[, . . . ,r'^^^] is at most c, and Theorem 1 1 . 71 thus shows that rkt{A) < c. 

On the other hand, if rkt{A) < c, then Theorem 11.71 implies that 
rkK{A[ri, . . . ,rc]) < c. In this case, Theorem 12.111 shows that the rows of 
A[ri, . . . ,rc] are tropically dependent, so indeed rkt{A) = c. □ 



From Cramer's rule it then follows that the solution (j/i, 2/2) of 



(2.3) 



aut'^^yi + a2it^^y2 = - ZLs 
ai2t^^yi + a22t^'^y2 = - ELs ^^^^st''' 



is such that degyi = deg 1/2 = 0. We set xi — yii S ^2 = 2/2* , 
L G {3, 4, 5}. The equations ()2.3I1 imply that X]?=i o-ji^i — Sj=i o,j2Xj 



3. The 4-by-4 minors of a 6-BY-n matrix form a tropical basis 

In this section, we prove that every 6-by-n matrix of tropical rank 3 has Kapranov 
rank 3 as well. First, we give a characterization of 6-by-n matrices with tropical 
rank 3 and greater Kapranov rank. This characterization reduces the problem to a 
number of special cases each of which can be treated separately. 

3.1. Reduction of the problem to a number of special cases. The following 
theorem gives a characterization of 6-by-n matrices with tropical rank 3 and greater 
Kapranov rank. 
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Theorem 3.1. Let a matrix A G M^""" he such that rkt{A) ^ 3, rkxiA) > 3. 
Then the equivalence class of A contains a matrix W such that every row ofViW) 
contains at least one 0, and at least one of the following conditions holds: 

(i) V{W) consists of the columns with the supports {1,2}, {3,4}, {5,6}; 

(ii) V{W) contains columns with the support {1,2}, contains at least one of 
columns with the supports {4,5,6}, {3,4,6}, {3,5,6}, {3,4,5}. V{W) may also 
contain the column with the support {3,4,5,6}; 

(Hi) 'P{W) may contain several columns with the supports {1,2,3}, {1,4,5}, 
{2,4,6}, {3,5,6}. The supports of other columns ofPlW) have cardinality at least 
4. If the support of jth column of'P{W) has cardinality 4, then no proper subset of 
SupPj{'P{W)) is a support of a column of 'P{W); 

(iv) ViW) contains columns with the supports {1,2,3}, {4,5,6}, the support of 
any other column ofV{W) contains at least two numbers from {1,2,3} and at least 
two numbers from {4, 5, 6}; 

(v) The set of the supports of the columns of'P{W) is {{1, 2}, {1, 2, 3}, {4, 5, 6}}. 

Proof. 1. Let A e M^xn g^^j^ ^j^^^^ rkt{A) = 3, rfci<-(A) > 3. Then by Theo- 
rem [^Ull the rows of A are tropically dependent. We apply Definition 11.31 So by 
Lemma [2.81 we assume w.l.o.g. that every column of V{A) contains at least two 
zeros. 

2. Moreover, by Lemma [2.8) we assume w.l.o.g. that any row of 'P{A) contains 
at least one zero. The situation splits into the following three cases. 

Case O. Let every column of V{A) contain at least 4 zeros. This case satisfies 
the assumptions of item (iii) of the theorem we prove. 

Case A. Let every column of V{A) contain at least 3 zeros, and some column 
of V{A) contain exactly 3 zeros. Let us consider 2 special cases, Al and A2. 

Al. Assume there are u' ,v' G {l,...,n} such that |Supp„/('P(A))| — 3, 

1. In this case, up to p.r.c. 



|Supp„,(7'(A))\Supp„,(7'(A))| 



V{A) = 
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If the 5th and 6th columns oiViA) are different, then by Lemma l^TSl rkt(A) > 4. 
This contradiction shows that the 5th and 6th columns of V{A) coincide. By item 
2 any row of ^{A) contains a zero, so up to p.r.c. we obtain 
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The assumption of Case A shows that any column of the matrix P contains at least 
3 zeros. 

Now we add a small enough (with respect to the absolute value) — £ < to every 
element of the 5th and 6th rows of A. Definition 12.11 shows that the pattern of the 
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matrix obtained equals 
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and up to p.r.c. satisfies the assumptions of case (ii). 

A2. Now assume that for some u" , v" e {1, . . . , n} the supports Supp„,/ {V[A)) 
and Supp^,/(7'(yl)) are disjoint. In this case A up to p.r.c. satisfies the assumptions 
of either item Al or case (iv). 

A3. Let us conclude the analysis of Case A. Item Al shows that if some support 
with cardinality 4 includes Supp„(P(A)) for some u e {1, . . . ,n}, then the state- 
ment of the theorem holds for A. So we can assume w.l.o.g. that no proper subset 
of a support of cardinality 4 is a support of a column of P{W). 

By items Al and A2, the statement of the theorem also holds for A if 
|Supps(P(A)) nSupp5(P(A))| G {0,2} for some u,v e {!,..., n} such that 
Supp2('P(^))| = |Supp5(P(A))| ~ 3. Thus we can also assume w.l.o.g. that 
Supp2('P(A)) n Suppp(P(A))| G {1,3} for every such u, v. Now it is straightfor- 
ward to see that up to p.r.c. A satisfies the assumptions of item (iii). 

Case B. Let some column of 'P(A) contain exactly 2 zeros. Assume w.l.o.g. 

/ \ 


00 

oo 
oo 

V ^ J 

is a column of ViA). The situation splits into the following 3 cases. 

Bl. Assume that some column of the matrix 7'(A)[3, 4, 5, 6] contains exactly 2 



zeros. Then by Lemma |2.6[ up to p.r.c 



PiA) 



/ 


. 


. 


Pi 






PL 






. 


. 














oo . 


oo 


... 







P3 






oo 


oo 


... 













oo . 


oo 


oo ... 


oo 










I 


oo . 


oo 


oo ... 


oo 











Now we add a small enough e > to every element of the 3rd and 4th rows of A, 
add 2e to every element of the 1st and 2nd rows of A. Definition 12.11 shows that 
the pattern of the matrix obtained equals 

/O ... 00 ... 00 00 ... oo\ 



. 


. 


00 


. 00 


00 


. 00 


. 


. 


00 


. 00 


00 


. 00 


00 . 


00 


. 


. 


00 


. 00 


00 . 


00 


. 


. 


00 


. 00 


00 . 


. 00 


00 


. 00 


. 


. 


00 . 


00 


00 . 


. 00 


. 


. 



V 

and up to p.r.c. satisfies the assumptions of case (i). 
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B2. Now assume that every column of 'P(A)[3, 4, 5, 6] contains either no or at 
least three zeros. In this case 



V{A) 



. 


. 


P' 


. 


. 




oo . 


. oo 




oo . 


. oo 


P" 


oo 


. oo 




oo . 


. oo 


> 



where any column of P" contains at least three zeros. 

Now we add a small enough e > to every element of the 1st and 2nd rows of 
A. Definition 12.11 shows that the pattern of the matrix A3 obtained is 

/ 



V 

We consider the two cases. 

B2.1. If 00 appears as an entry of P" 
item (ii). 

B2.2. Now we assume that 

/ 



. 


. 


00 


00 \ 


. 


. 


00 


00 


00 . 


. 00 






00 . 


. 00 


P" 




00 


00 






00 


00 







then ^'(As) satisfies the assumptions of 



(3.1) 



0.. 


.0 


00 . . 


. 00 


0.. 


.0 


00 . . 


. 00 


00 . . 


00 


0.. 


.0 


00 . . 


00 


0.. 


.0 


00 . . 


00 


0.. 


.0 


00 . . 


00 


0.. 


.0 


p' 


q' 



where p\q' > 0. 



We can assume w.l.o.g. that p' is minimal over all matrices A" that are equivalent 
to A and such that the pattern of A" has the form (|3.1|) . By Lemma [2.81 we can 
assume w.l.o.g. that the minimal element of any row of ^3 equals 0. 

We add the minimal element of the matrix P{A)[3, 4, 5, 6|1, . . . ,p'] to every el- 



ement of the 1st and 2nd rows of A^. 
Definition 12. 1[ up to p.r.c. 



Denote by the matrix obtained. By 



v 



0.. 


.0 


0...0 


00 . 


. 00 


0.. 


.0 


0...0 


00 . 


. 00 


00 . . 


. 00 




0. 


.0 


00 . . 


. 00 


P3 


0. 


.0 


00 . . 


. 00 




0. 


.0 


00 . . 


. 00 




0. 


.0 


p" 


p'~p" 







where p" < p' , every column of P3 contains at least one zero. 

If p" = 0, then A'^ satisfies the assumptions of either Case O or Case A. Further 
we assume that p" > 0. The minimality of p' shows that 00 appears as an entry of 
P3. If every column of A'^ contains at least 2 zeros, then A'^ satisfies the assumptions 
of either item Bl or item B2.1. 
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Thus it remains to consider the case when some column of P3 contains exactly 
1 zero. By Lemma l2.61 up to p.r.c. 



V 



' 0. 


.0 


0. 


.0 


Ps 




0. 


.0 


0. 


.0 






00 . 


. 00 


0. 


.0 


0... 





00 . 


. 00 


GO . 


. 00 


0... 





00 . 


. 00 


00 . 


. 00 


0... 





CXI . 


. 00 


CO . 


. CO 


0... 






Now we add a small enough e > to every element of the first three rows of Ag. 
Definition 12.11 shows that the matrix obtained to satisfies the conditions of item 
(v). This completes the consideration of item B2.2. Note that items B2.1 and B2.2 
cover all possible cases, thus the consideration of item B2 is also complete. 

B3. Finally, assume that some column of V{A)[3, 4, 5, 6] contains exactly 1 zero. 
Lemma [221 shows that up to p.r.c. it holds that 



/ 



(3.2) P{A) 



V 







..0 
..0 


^0 




00 


. . 00 










PH 


00 


. . 00 


00 




00 


0... 





00 


. . 00 


00 




00 


0... 





00 


. . 00 


00 




00 


0... 





p 


9 


r 





p > 0, g > 0, r > 0, 



where any column of Pq contains at least 1 zero. 

We choose a matrix ( and denote it by A{) ) for which the value p + q is minimal 
under the following assumptions: the pattern of Aq has the form Aq and A 

are equivalent, every column ofV{AQ) contains at least 2 zeros. 

By Lemma l2.81 we can assume w.l.o.g. that the minimal element of any column 
of Aq equals 0. The matrix Aq is nonnegative and equals 





/ ... 


AQ[l,2\p+l,...,p + q] 


Ai 








... 












^o[3|l,...,p] 


... 


A2 










... 









Ao[4,5,6|l,...,p] 


Ao[4,5,6|p+l,...,p + q] 


... 









V 




... 


J 




Definition 12.11 implies that 


the entries of the matrices [3 1 1 , . • 


.p] 


and 


Aq[4,5,6\1, . . . ,p + q] are all positive, every column of Aq[1,2\p + 1, . 


■ ■ ,p 


+ q] 


contains at least 1 zero. In particular, the minimal element of Ao[4, 5, 6 1, 


...,p 


+9] 



(we denote it by m) is positive. 

We add m to every element of the first three rows of Aq, add — m to every 
element of the first p + q columns of Aq . We obtain the nonnegative matrix C that 
is equal to 

AQ[l,2\p+l,...,p + q] 



( 





Aq[3\1,...,p] 



C[4,5,6|l,...,p] 











C[4,5,6b+l,...,p + g] 



C2 





/ 
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and appears as an entry of the matrix C[4, 5, 6|1, . . . ,p + g], the entries of the 
matrices Ci and C2 are all positive. 

If every column of C contains at least 3 zeros, then C satisfies the assumptions 
of either Case O or Case A. Thus we can assume that some column of C contains 
exactly 2 zeros. Thus some permutations of the first three rows and of the first 
p + q columns of C produce the matrix 

/ 





(3.3) 



C = 



W3 



UJ4 



'^22 





C42 

^62 



C'[l,2,3|3,...,p + g] 



C'[4,5,6|3,...,p + g] 



CI, 





/ 



where uj^ > for l e {3, 4, 5, 6}, every column of C"[l, 2, 3|2, . . . ,p + q] contains at 
least 2 zeros, the minimal element of C"[4, 5, 6|2, . . . ,p + g] equals 0, the elements 
of Cq are positive. The situation splits into the following three cases. 

B3.1. If every column of the matrix C"[3, 4, 5, 6|2, . . . ,p + g] contains either no 
or at least 3 zeros, then the matrix C" satisfies the assumptions of item B2. 

B3.2. If some column of C"[3, 4, 5, 6|2, . . . ,p + g] contains exactly 2 zeros, then 
C" satisfies the assumptions of item Bl. 

B3.3. Finally, let some column (we denote its number by j) of 
C"[3, 4, 5, 6|2, . . .,p + q] contain exactly 1 zero, i.e. c-^ = 0, « > 3. 

Assume i 3. Fix an arbitrary io e {4,5,6} \ {i}. Then c'^^j > 0, c'^j > 0. 
By p.3p . c'^_p+q+i > 0. Thus the matrix 



C'[2,i,io,3\l,j,p + q + l,2] = 



where Xi^ . . . ^Xq are nonnegative, is tropically non-singular. This implies rkt{A) > 
3 and contradicts the assumptions of the theorem. 

Thus i — 3. We permute the 2nd and jth columns of C to obtain the matrix D 
such that 

/ 



/ 





Xi 


X2 


X3 \ 









X4 


X5 






c' 





xe 


I 


UJ3 


4 




/ 






4. 















■P(L')[1,2,3|3,. 


■ ,p + q] 






00 













00 


00 






... 





00 


00 


V{D)[4,5,6\3,. 


■ ,p + q] 


... 





00 


00 






... 


/ 



(3.4) V{D) 



By Lemma 12.61 the rows of ■p(-D)[4, 5, 6] coincide. Note that the matrix 
Z?[4, 5, 612, . . .,p-\-q\ equals C"[4, 5, 6|2, . . . ,p + g] up to the permutation of columns, 
so the minimal element of i)[4, 5, 6|3, . . . ,p + q\ equals 0. Thus the matrix 
V{D)[A, 5, 6|3, . . . ,p + q\ contains several columns consisting of zeros, all the other 
columns of 7'(L')[4, 5, 6|3, . . . ,p + g] consist of 00. By (|3.4I) . this contradicts the 
minimality of p + g. This shows that case B3.3 is not realizable. 

We note that items B3.1, B3.2, and B3.3 cover all the possibilities, so the con- 
sideration of the case B3 is complete. This also completes the proof of the Case B 
and thus of Theorem 13.11 as well. □ 
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The rest of this section is devoted to the consideration of the cases (i)-(v) of 
Theorem 13.11 In order to prove the main result of the section, we need to show 
that every of these cases is not realizable. 

3.2. Cases (ii) and (v). We start our consideration with the cases (ii) and (v) of 
Theorem 13.11 



Theorem 3.2. Case (v) of Theorem \3.1\ is not realizable. 

Proof. 1. Let a matrix W realize case (v), then rkt{W) — 3, rkxiW) > 3, and up 
to p.r.c. it holds that 

/ 



V{W) 



V 



' oo . . 


oo 


oo . . 


OO 


0. 


.0 


CO . . 


oo 


oo . . 


oo 


0. 


.0 


oo . . 


oo 


oo . . 


oo 


0. 


.0 


0.. 





oo . . 


oo 


00 . 


. 00 


0.. 





0.. 





oo . 


. oo 


0.. 


_0 


0.. 





oo . 


. oo 


SI 




S2 


S3 



where si, S2, S3 > 0. 



By Lemma l2.8[ w.l.o.g. we assume that the minimal element of every column of W 
equals 0. 

2. Set W = Vl^[l, 2, 3, 4, 5]. Then, by Lemma[211 rkt{W) < 3. Now TheoremO 
shows that rkniW) < 3. By Definition II. 6[ there exists a matrix F' G k^^" such 
that W = degF' and rank{F') < 3. 

3. Thus every four rows of F' are linearly dependent over K. In particular, for 
any A: G {1, . . . , n} it holds that 

(3.5) Ai/{, + X^f^k + + As/^fe = 0, + M3/3/C + M4/4fe + A^s/sfe = 0. 

We also set X3 ~ Xq ~ ^2 = l^e — 0- Multiplying the linear combina- 
tions l|3.5p by nonzero elements from K, we assume w.l.o.g. that min^^j^jdeg Ae} = 
inin0^i{deg^e} = 0. By Lemma [2. Ill the tuples (deg Ai deg A2 deg A4 deg A5) and 
(deg fii deg /13 deg ^4 deg reahze the tropical dependence of rows of M^[l, 2, 4, 5] 
and VF[1, 3, 4, 5], respectively. 

4. Lemma 12.41 shows that deg Ai = deg A2 = deg fii = deg /is = 0, and the 
numbers degA4, deg/i4, degAs, degfj,^ are all positive. 

5. Since rkt{W) < 3, there exists a tuple (hihih^he) G T"* that realizes the 
tropical dependence of rows of W[l, 4, 5, 6]. Then by Lemma [2^ we assume w.l.o.g. 
that hi > 0, ft-4 > 0, = he = 0. Therefore for any r G {1, . . . , si + S2} it holds 
that h^ + deg(/5^) — 0, hi + deg(/4^) > 0. The infiniteness of C allows us to find 
elements 1^4, 1's G K, deg 1/4 = /14, deg 1^5 — /15, such that 

(3.6) deg{v4:f'ir + ^^fbr) = any t G {1, . . . , si + 52}- 

We also define vi and vq to be arbitrary elements of K of degrees hi and /ig, 
respectively, and set V2 = — 0. 

6. Set fir = fir for i G {1, 2, 3, 4, 5}, r G {1, . . . , si + S2}. We also set 

^^iflT — ^ifiT — VbfbT 



(3.7) 



f6 



for any r G {1, . . . , si + S2}. 



Now item 5 shows that deg(j^i/ir) > 0, thus by p.6|) . it holds that deg/sr 
any r G {1, . . . , si + S2}. 



for 
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7. By item 5, the tuple (deg i^i deg deg deg I'e) realizes the tropical depen- 
dence of rows of 4, 5, 6]. Thus by Lenima [2.15| for every g e {si + S2 + l, . . . , n} 
there exist elements fiq, fiq, fsq, feq G K of the degrees wiq,W4q,'W5q,WGq, respec- 
tively, such that 

(3.8) vifiq + Vifiq + i^5.hq + ^nUq = 0, wlicrc q <E [si + S2 + I, ■ ■ ■ ,n} . 

8. Finally, for any q G {si + S2 + 1, . . . , n} we set 



(3.9) f2q 



Mflq — ^ifiq — ^bfhq 



fsq 



-fJ-lflq — ^4/49 — Ms/Sg 



A2 ■ * M3 

By item 4, deg A4 > 0, degAs > 0, so deg(A4/49 + A5/55) > 0, thus deg/2q = for 
any q € {si -f S2 + 1, • • • , n}. It can be shown in the same way that deg f^q — 0. 

9. Now the matrix F G K^^" is well defined. Items 6, 7 and 8 show that 
W — deg F. By (|3.5p and p.9p . both 2nd and 3rd rows of F are linear combinations 
of the 1st, 4th, and 5th rows. By p.7p and p.Sp . the 6th row of F is also a linear 
combination of the 1st, 4th, and 5th rows. This shows that rank{F) < 3. By 
Definition 11.61 rkK{W) < 3. The contradiction with item 1 shows that no such W 
exists. □ 

Now we turn our attention to the case (ii) of Theorem 13.11 

Theorem 3.3. Case (ii) of Theorem \3.1\ is not realizable. 

Proof. 1. Let a matrix W realize case (ii), then rkt{W) — 3, rkxiW) > 3, and 
(3.10) 

/ 



ViW) 



V 



0.. 





CXD . . 


00 


CXD . . 


CXD 


CXD . . 


CXD 


CXD . . 


00 


00 . . 


00 


0.. 





CXD . . 


00 


CXD . . 


CXD 


CXD . . 


CXD 


CXD . . 


00 


00 . . 


CXD 


c» . . 


00 


0.. 





0.. 





0.. 





CXD . . 


00 


0.. 





00 . . 


00 


0.. 





0.. 





CXD . . 


CXD 


0.. 





0.. 





00 . . 


00 


0.. 





00 . . 


00 


0.. 





0.. 





0.. 





00 . . 


CXD 


00 . . 


CXD 


0.. 


_0 


0.. 





0.. 





0.. 





so 


Si 


S2 




S3 


Si 


ss 



we assume w.l.o.g. that sq > 0, si > 0, S2 + S3 + 54 -I- 55 > 0. 

2. We assume w.l.o.g. that si + . . . + S5 is minimal over all matrices satisfying 
the conditions of case (ii) of Theorem 13. II By Lemma w.l.o.g. we assume that 
the minimal element of every column of W equals 0. 

3. Then the minimal element of the matrix W[l, 2\so -I- 1, . . . , n] is m > 0. We 
add —TO to every element of the first two rows of VF, to to every element of the first 
So columns of W. The matrix V obtained is such that 

/ 0...0 p^ Pi p^ \ 



(3.11) V{V) 



V 



0.. 





P[ 




p' 




P' 




p' 








0.. 

























00 . . 


00 


0... 





0... 





0... 





CXD . . . 


00 


0... 





CXD . . 


00 


0... 





0... 





CXD . . . 


CXD 


0... 





0... 





00 . . 


00 


0... 





CXD . . . 


CXD 


0... 





0... 





0... 





CXD . . 


00 


CXD . . . 


CXD 


0... 


Q 


0... 





0... 





0... 





so 


SI 


S2 




S3 




S4 


S5 



and the matrix (P{| . . . \P^) contains at least one 0. From item 2 it also follows that 
the minimal element of every column of V equals 0. 

4. Let us assume that the column ( ) appears in at least two of matrices 
P{, . . . , F5. The corresponding numbers of columns of V are denoted by n and T2. 
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We assume w.l.o.g. that n e {sq + 1, . . . , sq + si}. Then by (|3ll|) . [V{V)]zti = 0, 
[P{V)]qti — oo, [P{V)\qt2 — 0. If the first two rows of V{y) coincide, then we 
add a small enough e > to every element of the last four rows of V and obtain a 
contradiction with the minimality of si + . . . + S5, assumed by item 2. 

If otherwise the first two rows of 'P{V) are different, then vit^ 7^ V2to for some 
Tq. W.l .o.g. we assume uiro > 0, '^27-0 — 0- Then the matrix 



P(F)[5,6,2,1|ti,T2,to,1] = 



/ TTl 7r2 00 

00 TTa CXD 

00 00 

y 00 00 cxo y 



is B-tropically singular, so Lemma [2.61 implies that rkt{V) > 4. 

The contradiction obtained shows that ( ^ ) appears as a column of at most one 
of the matrices P[, . . . ,P^. In particular, we assume w.l.o.g. that ( ) appears as 
a column of none of P2, P^, P^. 

5. By Lemma \2M rfct(F[2, 3, 4, 5, 6]) < 3. Now Theorem [L8l shows that 
rfc/f (F[2, 3, 4, 5, 6]) < 3. By Definition 11.61 there exists a matrix F' such that 
V[2, 3, 4, 5, 6] = deg F' and rank{F') < 3. 

6. By item 5, every four columns of F' are linearly dependent over K. In 
particular, for every j G {!,...,«} it holds that 

(3.12) A2l/2j + A41/4J + X5I fsj + ^Glfej — 0, A22/2j + -^32/3^ + Xi2 f'ij + ^62 fej ~ 0. 

We set also An — A31 — A12 — A52 = 0. 

7. Multiplying the equations p.l2p by elements from K*, we assume w.l.o.g. 
that min|^;^{deg Afci} — min|^^{deg Afc2} — 0. By Lemma 12.111 the tu- 
ples (deg A21 deg A41 deg A51 deg Aei) and (deg A22 deg A32 deg A42 deg A62) realize 
the tropical dependence of rows of W[2, 4, 5, 6] and W[2, 3, 4, 6], respectively. 

8. By item 1, si > 0, thus Lemma [2^ implies that deg A41 = deg A51 = deg A32 = 
deg A42 — 0, and the numbers deg A21, deg A22 are positive. Analogously, if S3 + S4 ^ 
0, then deg A62 = 0; if S2 + S3 7^ 0, then deg Aei = 0. 

9. Since rkt{V) < 3, there is a tuple (/ii/i2^5^6) G T*, min{/ii, ft,2, ^5, ^e} — 0, 
that realizes the tropical dependence of rows of W[l, 2, 5, 6]. Then by Lemma [2.41 
hi = h2 = 0. We set A13, A23, and A53 to be arbitrary elements from K of the 
degrees hi, /12, and /15, respectively. Set also A33 = A43 — 0. 

10. Further, we denote pi = A61A53, p2 = A51A63, Ps = (A42A61 - A62A4i)A53, 
Pi — A42A51A63. From the infiniteness of C it follows that there exists A63 G 
K such that degA63 = hg, deg(pi - P2) = min{deg/9i, deg/92}, deg(p3 - p^) = 
minjdeg p3, deg p^}. So we have defined the elements {Xki} for every k G {1, . . . , 6}, 
i G {1,2,3}. The matrix (A^) is further denoted by A G K^^^. 

11. If S2 ^ 0, then from item 8 and (|3.12l) it follows that deg(A4i/4 ^^^j^ + 
^6i/6,si+i) > 0, deg(A42/is^+i-l-A62/6,si+i) = 0. Thus if S2 ^ 0, then deg(A4iA62- 
A42A61) = 0. In the same way, we can prove that if S4 ^ 0, then also deg(A4iA62 — 
A42A61) = 0. 

12. We start the construction of a matrix FgK^'*" such that degF=y and 

(3.13) Aii/ij + \2iHj + Xsifsj + Xiifij + X^ifbj + ^Qif^j = 



for any i G {1, 2, 3}, j G {1, . . . , n}. We consider the five cases. 



16 



YAROSLAV SHITOV 



Case A. Let us assume that j e {1, . . . , n} is such that the minimum in 

6 

(3.14) minjdeg Xes + vgj} 

is attained if and only if 6* G {1,2}. From item 9 it then follows that vij = V2j. Set 
fkj = f'kj for fc ^ 1, set also 

Al3 

The only term of degree V2j in the numerator is A23/2J, all the other terms have 
greater degrees, so deg/ij — V2j = vij. Hence from item 5 it follows that deg fkj — 
Vkj for every k £ {1,2,3,4,5,6}. The equations (I3.13P for i = 1 and i = 2 now 
follow from item 6, for i = 3 from (|3.15p . 

Case B. Now we assume j e {so + 1, . . . , sq + si, so + si + S2 + S3 + S4 + 1, . . . , n} 
and consider the two possible cases. 

Case Bl. Let 9 = 5 and 9 = 6 provide the minimum for (|3.14p . Then 
VQj = — hg and ming^]^{deg A^s + vgj} = Now items 8 and 9 imply that 
degdet A[3,4, 5] = h^, degdet A[3, 4, 6] = he, and for any i' e {1,2} it holds that 
inine=i{deg Agi' + vgj} = 0. From item 10 it also follows that deg det A[3, 5, 6] = 
degdet A[4, 5, 6] = he- Thus we see that the matrix A e K*"^^, the tuple 
{vij, . . . ,vej), and the indexes {3,4,5,6} satisfy the conditions of Lemma [2.121 
This implies that for some fij, . . . , fej G K it holds that deg fkj = Vkj for any 
k e {1, 2, 3, 4, 5, 6}, and the equations (|3?T3)) hold for i G {1, 2, 3}. 

Case B2. Let either 6' = 1 or 6* = 2 provide the minimum for p.l4p . We set 
/gj = t'"'^3 . By Lemma [2?T3l there exists ^ G C* such that 

(3.16) deg(A53C + A63/6j) = min{degA53,degA63 + fej}, 

(3.17) deg(A5ie + A6i/6j) = 0, 

(3.18) deg + ^ A62) /6.) = 0. 

We set /sj = ^. We see that deg f^j = v^j, deg/gj = vej- Since the minimum 
in p.l4p is provided by either 6* = 1 or = 2, from (|3.16l) it follows that there 
exist elements /y, /2j e K such that dcg/i^ = vij deg /2j = V2j, A13/1-, + A23/2i + 
A53/5J + Xesfej — 0. In this case, the condition p.l3p holds for i = 3 for any f^j 
and f4j because item 9 implies that A33 = A43 = 0. 
Further, we set 

/o ifiN J- — A21/2J - A51/5J — Xeifej r —^22f2j - A42/4J — Xe2fej 

(3.19) fij = ,f3j = . 

Ml A32 

By item 6, An = A31 = A12 = A52 = 0, thus the conditions p.l3p with i = I and 
i = 2 follow from (151^ . 

Finally, item 8 implies that deg(A2i/2_,) > 0, so from p. 171) it follows that 
fij = = V4j. In the definition of fsj, we substitute the values of f^j and f^j by 
their expressions and obtain 

J. _ A42 A51 ^ ^ f Aei A42 A62 I J . ^ [ A21 A42 A22 \ J. 
A32A41 \A32A41 A32 / \A32A41 A32 / 

From item 8 and (I3.18P it follows that f^j = = f 3^ . This completes the consider- 
ation of Case B2. 
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Item 9 shows that (deg A13, deg A23, deg A53, deg Xes) realizes the tropical depen- 
dence of rows of y[l,2,5,6], so Cases Bl and B2 cover all the possibilities. The 
consideration of Case B is complete. 

Case C. Now we assume that j e {sq + si + 1, . . . , sq + si + S2}, and that the 
assumption of Case A fails to hold for j. 

CI. Item 4 shows that Vg-^j = for some gi € {1,2}, item 9 now implies that 
degAgj3 = 0. Thus the minimum in p.l4|) is attained for = gi. By item 9, the 
tuple (degAi3,degA23,degA53,degA63) realizes the tropical dependence of rows of 
y[l,2,5,6], thus the minimum in p.l4p is also attained for some 32 7^ 5i- Since 
the assumption of Case A fails to hold for j, we assume w.l.o.g. that 52 ^ {1,2}- 
From the equation ()3.11|1 it follows that 52 ^ 5, from item 9 that 32 ^ {3,4}, so 
g2 = 6. Then deg A63 + vej = deg Xg^3 + Vg^j = 0, i.e. deg A63 = 0. 

C2. Now from items 8 and 9 it follows that degdet A[(7i, 3, 4] = 
degdet A[gi, 3, 6] — 0, and for any i £ {1, 2, 3} it holds that inmg^i{deg Xet + voj} — 
0. The equality deg det A[5i, 4, 6] = follows from item 11, deg det A[3, 4, 6] = 
from items 8 and CI. Thus we see that the matrix A G K^^'^, the tuple 
(wij, . . . , ugj), and the indexes {(71,3, 4, 6} satisfy the conditions of Lemma 12.121 
This implies that for some fij , . . . , fej G K it holds that deg fkj = Vkj for any 
k e {1,2,3,4,5,6}, and the equations (|3T3)) hold for i e {1,2,3}. 

Case D. Let us now assume that j G {sq + si + S2 + 1, . . . , sq + si + ^2 + S3}, 
and that the assumption of Case A fails to hold for j. The argument similar 
to one of item CI shows that the minimum in (j3.14p is then attained for some 
9i e {1,2} and 62 G {5,6}, we also obtain that degAe23 = 0. Now items 8 
and 9 imply that degdet A[6'i, 3, 5] = degdet A [6*1, 3, 6] = degdet A [6*1, 5, 6] = 0, 
and for any i G {1,2,3} it holds that ming^;^{deg Ae; + vej} = 0. The equality 
degdet A[3, 5, 6] = follows from item 10. Thus we see that the matrix A G 
K^^^, the tuple {vij, . . . , vqj), and the indexes {^i, 3, 5, 6} satisfy the conditions of 
Lemma l2.12l This implies that for some fij, . . . , /gj G K it holds that deg fkj = Vkj 
for any k G {1,2,3,4,5,6}, and the equations p.l3p hold for i G {1,2,3}. 

Case E. Now assume that j G {S0 + S1 + S2 + S3-I-I, . . . , so + 'Si + S2-l-S3-|-S4}, and 
that the assumption of Case A fails to hold for j. The argument similar to one of 
item CI shows that the minimum in (|3.14l) is then attained for some 6[ G {1, 2} and 
6'2 G {5, 6}. Now item 8 implies that deg det A[9[ , 4, 5] = deg det A[6'i , 5, 6] = 0, and 
for any i G {1,2,3} it holds that mmg^i{degXgi + vej} — 0. From items 8 and 11 it 
also follows that degdet A [6*'^, 4, 6] = 0, from item 10 that deg det A [4, 5, 6] = 0. 
Thus we see that the matrix A G K^'*^, the tuple (wij, . . . , ugj), and the in- 
dexes {9[, 4, 5, 6} satisfy the conditions of Lemma [2. 121 This implies that for some 
fij,.-.,fej G K it holds that deg fkj = Vkj for any k G {1,2,3,4,5,6}, and the 
equations (|3.13p hold for i G {1,2,3}. 

Now we note that Cases A~E cover all the possibilities for the number of column 
j. Indeed, item 9 implies that the numbers j' G {1, . . . , sq} satisfy the assumption 
of Case A. All the other possibilities have been considered in Cases B-E. Thus we 
see that there exists a matrix F such that V — degF, and the conditions p.l3|) 
hold for every i G {1,2,3} and j G {1, . . . , n}. By the construction of A, this implies 
that every row of _F is a linear combination of its 2nd, 4th, and 6th rows. This 
shows that rank{F) < 3. By Definition 11.61 rkxiW) < 3. The contradiction with 
item 1 shows that no such W exists. □ 
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3.3. Case (iv). This subsection deals with case (iv) of Theorem l3.1l We start with 
the following lemmas. 



Lemma 3.4. Let the tropical rank of a matrix M G 



be at most 3. Let 



appear as a column oJ'P{M), the rows o/ ^^(Af )[2, 3, 4] he pairwise different, every 
row ofV{M) contain at least one 0. Then there exists a positive number x such 
that the tuple (a;, 0,0, 0) realizes the tropical dependence of rows of M . 



Proof. By Theorem l2.161 there exists a tuple {x, a, h, c) realizing the tropical depen- 
dence of rows of M . We assume w.l.o.g. that min{a;, a, 5, c} = 0. From Lemma I^TH 
it then follows that a; > and a — b — c — Q. □ 

Lemma 3.5. Let a matrix W realize case (iv) of Theorem \8.1\ Then there exist 
positive numbers x and y such that the tuples (0,0, 0,x) and (y, 0,0, 0) realize the 
tropical dependence of rows o/ 2, 3, 4] and W[3, 4, 5, 6], respectively. 

Proof. 1. Under the assumptions of (iv), the matrix W is such that rkt{W) = 3, 
rkxiW) > 3, and 

\ 



ViW) 



\ 



0.. 





oo 


. . oo 




0.. 





oo 


. . oo 


P' 


0.. 





oo 


. . oo 




oo . . 


oo 





..0 




oo . . 


oo 





..0 


P" 


oo . . 


oo 





..0 




p 







I 



where p and q are nonzero, r may equal zero, every column of P' and every column 
of P" contain at least two zeros. By Lemma 12. 8[ w.l.o.g. we assume that the 
minimal element of every column of W equals 0. 

2. We will only prove that (y, 0,0,0) realizes the tropical dependence of 
M^[3,4, 5,6] for some y > 0. The case of W^[l,2,3,4] can be considered in the 
same way. The two cases are possible. 

Case A. Let the element oo appear as an entry of P" . In this case, if some rows 
of P" coincide, then we add a small enough — e < to every element of the last 
three rows of W . By Definition 12. 1[ the matrix obtained satisfies up to p.r.c. the 
conditions of case (v) of Theorem 13.11 

The contradiction with Theorem 13.21 shows that the rows of P" are pairwise 
different. Then Lemma [3.41 completes the consideration of Case A. 

Case B. Let the matrix P" consist of zero elements. This case is treated by 
reductio ad absurdum. We assume that for every y > the tuple (y, 0,0,0) does 
not realize the tropical dependence of rows of W[3, 4, 5, 6]. 

Bl. Then, by Definition ll.3[ there exist Ji,j2 G such that the min- 

imum over the set {w^j-^ , w^j^ , weji , w^j^ , w^j^ , wej^ } is attained exactly once. We 
assume w.l.o.g. that a = W4j^ < minjwsjj , wgji , W4j2 , w^j^ , w^jr^}. 

B2. By J' we denote the set of all j such that W4j,W5j,wej are not all equal. 
We set 



a' = min {wt 

i6{4,5,6}jeJ' 



}• 



By item Bl, ji £ J' and a' < a. 



WHEN DO THE R-BY-R MINORS OF A MATRIX FORM A TROPICAL BASIS? 19 



B3. We now add —a' to every element of the last three rows of W. By Defini- 
tion 12.11 the pattern of the matrix V obtained is 



(3.20) 



( 0...0 
0...0 
0...0 

p 



p 

0...0 
0...0 
0...0 ) 



where P contains at least one 0, and j does not appear as a column of P. Note 

that by item Bl, the :/2-th colmTin of P is (""^ We consider the two possible 
cases. ^ 

B4. Assume that the last two rows of P are different. Then w.l.o.g. we assume 
that [■P(T^)]5jo = 0, ['P(l^)]6jo = °o foi" some jo- This implies that wejo > wsjo — 0. 
By item B3, we have 



y[3,4,5,6lj2,Ji,Jo,p' + l] 



/ 



W6n 



zi \ 

Z2 



vejo / 



where zi,Z2 are nonnegative numbers. Item Bl implies that a ^ a' < 
min{w5jj — a',WQj-^ — a',W4j^ — a',wzj^ — a',WQj^ — a'}. Thus by Definition ll.li 
V[3,4:,5,6\j2,ji,jo:P' + 1] is tropically nonsingular. Thus rkt{W) > 4, so we have 
a contradiction with item 1. 

B5. So item B4 shows that the last two rows of P coincide. 

B5.1. In this case, if the first row of P contains at least one 0, then we add a 
small enough e > to every element of the first four rows of V. By Definition 1 2. 11 
the matrix obtained up to p.r.c. satisfies the conditions of case (ii) of Theorem l3.1l 
This contradicts Theorem 13. 31 

B5.2. If otherwise the elements of the first row of P are all equal to oo, then 
we add a small enough — e < to every element of the last three rows of V. By 
Definition 12.11 the matrix obtained up to p.r.c. satisfies the conditions of case (v) 
of Theorem 13.11 This contradicts Theorem 13.21 

The contradiction obtained completes the consideration of Case B, showing that 
the tuple {y, 0, 0, 0) realizes the tropical dependence of rows of W[3, 4, 5, 6] for some 
y>0. □ 



We are now ready to prove the main result of this subsection. 



Theorem 3.6. Case (iv) of Theorem \3.1\ is not realizable. 
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Proof. 1. Let a matrix W realize case (iv), then rkt{W) = 3, rkxiW) > 3. Also, 
then by Lemma 12.81 can assmne w.l.o.g. that W is nonnegative and 



(3.21) 



W = 



V 



0...0 
0...0 
0...0 


P' 


P' 




0.. 









0.. 





P" 




0.. 


_0 




p 


9 




r , 



\ 



I 



where the matrices P' and P" consist of positive elements, every column of P' and 
P" contains at least two zeros. 

2. By Lemma 13.51 there exist positive numbers a, h such that the tuples 
(0, 0, 0, a) and (6, 0, 0, 0) realize the tropical dependence of rows of W\V, 2, 3, 4] and 
M^[3, 4, 5, 6] , respectively. 

3. By A € K'^^^ we denote a matrix whose entries have the degree 0, cofactors 
the degree a, determinant the degree 2a + h. To be definite, set 



A = 




1 
1 

2 I 4-a+fc 
2+t» ' 



, /ej of 



4. We will show that for every j G {1, . . . , n} there exist elements /i^, . 
the degrees w\j , . . . , w^j , respectively, such that 



(3.22) 



We consider the possible cases. 

Case A. Assume that j S and the minimum over the set 

{w\j,w^j,w^j\ is attained exactly once. From item 2 it now follows that 
min{?i'4j , , wgj } = h. Then for every i' S {1,2,3} the element 





Ah. + t°+™5^A2i' + Ag,/ 
det A 



has a zero degree. We also set = f^^^ , = i"'^^ , /gj = i'"'^^ . The Cramer's 
rule for solving linear systems shows that /ij , . . . , /gj satisfy the condition (I3.22[) . 

Case B. Assume that j G {l,...,p}, and the minimum over the set 
{w4j, wsj, uigj} is attained at least twice. From item 2 it now follows that 
min{w4j , uisj , wgj } — c<h. Equation p.2ip implies that c > 0. We assume w.l.o.g. 
that — w^j = c, WQj = d > c. Then the degree of 



(3.23) 



5j 



A21 



31 



equals c for some 71 G C*. We also set f4j 
Now for i' e {1,2,3} we set 



A21 
71 ^^ /ej 



fi'j 



i"/4, (Ai. - + tVe, (A3. - ^) + t^+'A2, 



det A 
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Item 3 implies that fij = f2j = hj = 0. From p.23p it follows that 

" d^tA ' 

so the Cramer's rule implies the condition p.22p . 

Case C. Now assume that j G {p + 1, . . . ,p + q}, and the minimum over 
the set {wij,W2j,W3j} is attained exactly once. From item 2 it now follows that 
min{wij, W2j, w^j} = a. Then for every i' S {1, 2, 3} the element 

has a zero degree. We set fij — f^^' , f2j — f"^' , f^j = t"'^^ . These settings satisfy 
the condition 

Case D. Assume that j G {p + + q\, and the minimum over the 

set {wij,W2jTW3j} is attained at least twice. From item 2 it now follows that 
minjwi-,-, zti2j", W3j} — h < a. Equation (I3.2ip implies that h > 0. We assume 
w.l.o.g. that wij — W2j — h, w^j = g > h. Then the degree of 

equals h for some 72 E C*. We also set fij — 72^'', fsj — ■ 

Now for i' G {1,2,3} we set /» '+3j = t"" jX i'ifij + Xi'2f2j + Xi'afsj) ■ These 
settings satisfy the condition p.22p . From p.24p it now follows that 



+ A,.2t" 



_ j2t'^ (A.i-^)+t^ {X.s~^) 

Ji'+3.j — , 

SO item 3 implies that f^j — f^j = fej = 0. 

Case E. Finally, let j £ {p + q+1, . . . ,n}. By item 1, it can be assumed w.l.o.g. 
that wij — W2j = = W4j = W5j = 0, W3j = a > 0, wej = /? > 0. Then all but one 
complex numbers C are such that the element 

_ CA23 , 

■''^^ ^ A A ^ 

Ai3 Ai3 

has a zero degree. We also assume C / and set f^j — C, fej = t^^ ■ We also set 

„ _ t"" fij Alii + t°'f5jA2i' + f^fejAsi' 
~ d^tA 

for i' G {1,2,3}, then the Cramer's rule implies the condition (|3.22p . 
Our settings imply that for i' G {1, 2, 3} it holds that 

t-+^ (A3,. - ^f^) + (t- (a2,- - ^^f^) + An, 
" d^tA ' 

in particular, fsj = ^— g^^x^- From item 3 it follows that deg/3j = a, and all but 
one or two complexes ( are such that deg/ij — deg/2j = 0. The infiniteness of C 
implies that there exists ( G C such that deg fij = Wij for every i G {1, 2, 3, 4, 5, 6}. 

Cases A-E cover all the possibilities, so there exists a lift F of such that the 
condition p.22p is satisfied. Thus rankF < 3, so by Definition 11.61 rkxiW) < 3. 
The contradiction with item 1 shows that no such W exists. □ 
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3.4. Case (iii). This subsection is devoted to case (iii) of Theorem 13.11 We need 
the following lemma. 

Lemma 3.7. Let a matrix W realize case (iii) of Theorem \ 3.1\ {ri,r2,r3} be a 
support of some column ofV{W), {ri,rz,rQ} = {1, . . . , 6} \ {ri, r2, ra}. Then the 
rows of 'P{W)[ri,r^,rQ\ are pairwise distinct. 

Proof. Assume the converse. Then w.l.o.g. we can assume that {ri,r2,r3} = 
{1,2,3}, and that the fourth and fifth rows oiT'{W) coincide. Then 







0.. 





















0.. 









Ps 




Pi 








0.. 

















nw) = 




oo . . 


oo 


0... 





0... 





oo . . . 


oo 






oo . . 


oo 


0... 





0... 





oo . . . 


oo 






oo . . 


oo 


0... 





oo. . . 


oo 


0... 







V 


hi 




h2 




h3 


/l4 





where /i2, /13, and /14 may equal 0. The assumptions of case (iii) imply that indeed 
/i4 — 0. Moreover, Theorem 13.11 requires every row of ViW) to contain at least one 
0, so we have ft.2 7^ 0. 

Now we add a small enough e > to every element of the first three rows of W. 
By Definition 12.11 the matrix obtained satisfies up to p.r.c. the conditions of either 
case (v) (if ^,3 7^ 0) or case (iv) (if /13 = 0) of Theorem l3.1l The contradiction with 
Theorems 13.21 and 13.61 completes the proof. □ 



Theorem 3.8. Case (iii) of Theorem \3.1\ is not realizable. 



Proof. 1. Let a matrix W realize case (iii). Then, in particular, rkt{W) 
rkK[W) > 3, and 



= 3, 



(3.25) 



V{W) 
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0.. 





0.. 





00 . . 
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00 . . 
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00 . . 
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00 . . 
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00. . 


00 


00 . . 


00 
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92 


93 




94 





P' 



I 

where any of gi, . . . , (74 may equal 0. 

2. By Lemma l2.8[ w.l.o.g. we assume that the minimal element of every column 
of W equals 0. 

3. If q\ ^ 0, then Lemmas 13.41 and [3.71 imply that there exists a > such that the 
tuple (a, 0, 0, 0) realizes the tropical dependence of rows of W[Z, 4, 5, 6]. If qi = 0, 
then we set a — Q. 

Analogously, if q2 ^ 0, then there exists & > such that (6,0,0,0) realizes the 
tropical dependence of rows of W[l, 2, 3, 6]. If 92 = 0, then we set 6 = 0. 

If (73 ^ 0, then there exists c > such that the tuple (0, c, 0, 0) realizes the 
tropical dependence of rows of W[l, 2, 3, 5]. If (73 = 0, then we set c = 0. 

If qi ^ 0, then there exists d > such that the tuple (0,0, (i,0) realizes the 
tropical dependence of rows of W[l, 2, 3, 4]. If qi — 0, then we set d = 0. 
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4. We set 



/ 2 + ^" 


1 
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1 




1 




-1 


1 



2+t''-10t''+'=+''-5t'' 












-1 
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-1 


/ 



A 



We also denote L = A[l, 2, 3]. 

5. Let 51,52,53 S {1,2,3,4,5,6} be pairwise distinct numbers. One can check 
that degdet A[5i,52,53] = if {51,52,53} is a support of no column of V{W). 
Also, the computation shows that degdet L — a, and every cofactor of L has a zero 
degree. 

6. We will show that for every j S {1, . . . ,n} there exist elements fij, 
the degrees wij , . . . , wej , respectively, such that 

(3.26) Xufij + ... + Xe^f6J = for every i € {1, 2, 3}. 

We consider the four cases. 

Case A. First, assume that j G {!,..., gi}, and the minimum over the 
set {wijjW^jjWej} is attained exactly once. From item 3 it now follows that 
inm.{w4j,'W5j,'Wej} = a. Then by item 5, for every i' € {1, 2, 3} the element 

Ji'j — 



■ , fej of 



Ji'3 



detL 



has a zero degree. We also set f^j — t^^^ , — t^^^ , fej — t"^^^ . The Cramer's 
rule for solving linear systems shows fij, . . . , fej to satisfy the conditions (I3.26p . 

Case B. Assume that j G {l,...,gi}, and the minimum over the set 
{wij,W5j,wej} is attained at least twice. From item 3 it now follows that 
min{w4j , , wgj" } = h < a. Equation p.25p implies that h > 0. We assume 
w.l.o.g. that — W5j = h, wej = u > h. Then the degree of 

(3.27) 



equals h for some 7 G 

Now for i' G {1, 2, 3} we set 



-^12 L12 
We also set f^j = jt'\ fej = t". 



fi'j 



Item 5 implies that fij = f2j = fsj = 



'i'2 



detL 

From (|3^ it follows that 



fijLi'i + f5jLi'2 + fsjL 



i'3 



detL 



so the Cramer's rule implies the conditions p. 261) . 

Case C. Now let j G {gi + 1, . . . , gi + . . . + q^}. We will consider only the case 
when j G {qi + I, . . . ,qi + 92} because the cases j G {gi + ^2 + 1, ■ • ■ , Qi + <Z2 + 93} 
and j G {qi + 172 + 93 + 1, • ■ • , 9i + ■ • ■ + 94} can be considered in the same fashion. 
Then by item 2, the tuple (deg A13, deg A23, deg A33, deg A63) = (6,0,0,0) realizes 
the tropical dependence of rows of M^[l,2,3,6]. Now by Lemma [2.151 there exist 
elements fij, f2j, fij, fej G K of degrees wij,W2j,W3j,wej, respectively, such that 
A13/1J + A23/2j + Aaa/sj + Xeafej = 0. Items 1 and 3 imply that the elements 
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fij = Au/ij + A21/2J + A31/3J and /sj = A12/1J + A22/2 j + A32/3J both have a zero 
degree. These settings also satisfy the conditions p.26|) . 

Case D. Let j e {qi + . . . + 94 + 1, . . . , n}. By the assumptions of case (iii) 
of Theorem 13. 1[ Suppj{V{W)) has a four-element subset {u,v,y,z} that includes 
no support of a column of ■p(VK). Item 5 shows that degdet A[p, q, r] = for any 
distinct p,q,r € {u,v,y, z}, items 2 and 4 that Y^^h=i™^^s=i{''^'^S^ir + Wgj} = 
0. Thus by Lemma |2.12[ there exist elements fij, . . . , f^j G K of the degrees 
wij , . . . , WQj , respectively, such that the conditions p.26p are satisfied. 

Cases A-D cover all the possibilities, so there exists a lift F oiW such that the 
condition (|3.26p is satisfied. Thus rankF < 3, so by Definition 11.61 rkx(W) < 3. 
The contradiction with item 1 shows that no such W exists. □ 

3.5. Case (i). To finalize the proof of the main result of this section, we need to 
consider the case (i) of Theorem 13.11 We need to deal with matrices G M^^" of 
a more general form, namely, when 
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cx . . 
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cx . . 
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00 . . 
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where Pi and P3 are matrices over B. 

We introduce some notation to be used throughout this subsection. By we 
denote the set of all tuples {l^ = mm{ll, 11,1^,11} — 0, that realize 

the tropical dependence of rows of V[l, 2, 3, 5]. By we denote the set of all tuples 
{f = {llJlJlJl)}, mm{ll,ll,ll,ll} = 0, that realize the tropical dependence of 
rows of F[l,3,4, 5]. By we denote the set of all tuples {l^ = {IfJlJ^Jl)}, 
min{lf, Zg, Z5, Zg} = 0, that realize the tropical dependence of rows of V[l, 3, 5, 6]. 

Let j G {l,...,n}, ? e T". By QiilJ) we denote the set of all 9i £ {1,2,3,5} 
that provide the minimum for mi-ng^{degve-^j + le^}. By &2il,j) we denote the 
set of all 02 G {1,3,4,5} that provide the minimum for ming^ldegvs^j + 102}- By 
©aCij) we denote the set of all 83 G {1,3,5,6} that provide the minimum for 
mmg^{degvg^j +lg^}. 

We need the following lemmas. 

Lemma 3.9. Let a matrix V G M*^""" be such that if^Tgg)) holds, and rfet(F) = 3. 
Assume that for every ^ , P E , j" G {ui + 1, . . . , Ui + 1*2} it holds that 
|9i(/\ j") U Q3{l^J')\ > 3. Assume also that for every P G there exists P G 
such that for every j' ^ {1, ... ,ui} it holds that \<d2{P ^ ^ai^ , > 3. Then 
rkK{V) = 3. 



Proof. 1. From Lemma [2^ it follows that ll — I2 = for every P G £1, l1=l\= 0, 
ll> Q,ll> Q for every P G L2, Z| = = for every P G L3. 

2. Lemma [2J] implies that rfct(y[l, 2, 3, 4, 5]) < 3. Theorem [L8l then shows 
that rfcK(V"[l,2,3,4,5]) < 3. By Definition [Ml there exists F' G K^""" such that 
F[l, 2, 3, 4, 5] = deg F' and rank{F') < 3. 
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3. Every four rows of F' are therefore linearly dependent over K. In particular, 
for every j S {1, . . . , n} it holds that 

(3.29) Aii/{j + A21/2J + A31/3J + — 0, Ai2/{j + A32/3J + A42/4J + A52/5J = 0. 

We set also A41 = Agi = A22 = A62 = 0. Multiplying the equations p. 291) by 
elements from K*, we assume w.l.o.g. that min^^j^jdeg Aei} — min^^j^jdeg A02} — 
0. Lemma [2.111 now shows that — (deg An deg A21 deg A31 deg A51) e , P = 
(deg A12 deg A32 deg A42 deg A52 ) G . 

4. By the assumption of the lemma, there exists P G such that 
|e2(^^J')ue3(^^/)| > 3 for every j' e {l,...,ui}. Now we set A23 = A43 = 0, 
Ai3 = 'fii's A33 = ^3^'^, A53 — ^5^'=, Ags = Ce^''^- The infiniteness of C allows us to 
find G C* such that 

(3.30) deg{Xpi'Xq3 - Xqi'Xps) = min{degApi' + deg A,3, deg A^i' +degAp3} 

for every distinct p, g G {1, 2, 3, 4, 5, 6} and every i' G {1, 2}. 

5. We set fk"'j"' = fl,,,,^,,, for k'" G {1, 2, 3, 4, 5}, f" G {^i + ^2 + 1, . . . , n}. By 
item 2, deg fk'"j"' = Vk"'j"'- Set also 



(3.31) 



ffi]'" - - 



Ais/ij'" + . . . + Ass/sj/// 

Afi3 



Item 1 and the equation p.28p imply that deg (A53/5j"/) — 0, and that all the other 
terms in the numerator have a positive degree. So we get deg/gj'" = — vej'" ■ 
Moreover, the equation p.3ip implies that the condition 



(3.32) 



Aii/ij + X2if2j + X^ifjj + Xiif^j + Xrnfsj + Xeifej — 



holds for j G {ui +U2 + 1, . . . , n}, i = 3. The equations p.29p also show that p.32p 
holds for j G {ui + U2 + 1, . . . , n}, i G {1, 2}. 

6. Item 4 shows that for j' G {1, . . . , ui} the matrix 

/ A12 A13 \ 

A32 A33 
A42 A43 
A52 A53 
\ A62 Ags / 

and the tuple {vij/ ^v^j^ ,V4jr ,v^j> ,vej') satisfy the assumptions of Lemma 12.141 
Thus there exist /i/ , fsj' , hj' , fsj' , fe j' G K such that deg fk'j' = Vfj' for 
k' G {1,3,4,5,6}, and the conditions ([3:32| hold for j G {1,...,mi}, i G {2,3}. 
We set 



(3.33) 



2j' 



Xiifij' + A3i/2j/ + . . . + Xeifej' 
A21 



Item 1 and the equation p.28p imply that deg (An/ij/) = 0, and that all the other 
terms in the numerator have a positive degree. So we get deg/2j/ = = V2j'- 
Moreover, p. 331) shows that p.32p holds for j G {1, . . . , mi}, i = 1. 
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7. The assumption of the lemma shows that |8i(Z^, j") U 03(/'^, > 3 for 
every j" S {ui + 1, . . . , ui + ^2}- The equations p.30p then imply that the matrix 



/ An 


A13 


\ 


A21 


A23 




A31 


A33 




A51 


A53 




V Aei 


A63 


/ 



and the tuple {vij" ,V2j" ,V3j'i ,V5j" ,vej") satisfy the assumptions of Lemma 12.141 
Thus there exist /ij" , f2j" , fsj" , fzj" , f ej" € K such that deg fk"j" = Vk"j" for 
k" e {1,2,3,5,6}, and the conditions (I3.32|) hold for j G {ui + l,...,ui + U2}, 
i e {1,3}. We set 

oA\ -c A12/1J" + A22./2j" + A32/3j" + \2hj" + \2hj" 

(3.34j }aj„ = . 

A42 

By items 1 and 3, deg {X32 fsj") — 0, and all the other terms in the numerator have 
a positive degree. So we get deg f4j" = = V4j>' . Moreover, the equations p.34p 
imply that p.32p holds for j G {ui + 1, . . . , ui + U2}, i = 2. 

8. Items 5-7 show that there exists a lift F oiW such that the condition (|3.32p is 
satisfied for any j e {1, . . . , n}, i G {1, 2, 3}. Thus rankF < 3, so by Definition [L6l 
rkxiV) < 3. Now Theorem O shows that rkK{V) =3. □ 

Lemma 3.10. Let a matrix V G M^''" be such that ^MW holds, and rkt(y) = 3. 
Let for some £ L^ , P € i^ £ it holds that \e2iP , f) U Qsil^ , > 3 for 
every f e {l,...,wi}, \&i{l\ j") U Qsil^ > S for every j" e {ui + 1, . . . ,ui + 
U2}, \ei{l\f")U&2{P,f")\ > 3 for every f" e {ui + U2 + I, . . . ,n} . Then 
rkK{V) = 3. 

Proof 1. From Lemma [23] it follows that = = 0, /| = /| = 0, > 0, /| > 0, 
ll^ll^O. 

2. For every k e {1, 2, 3, 4, 5, 6}, i G {1, 2, 3} we set 

Afcz — Cfc*^ 

if the value of l^ is defined, and Xm = otherwise. The infiniteness of C allows us 
to find Cfci G C* such that 

deg(Api'Agj" - Xqi'Xpt") = min{degApi' + deg Agi" , deg A^i' +degApi"} 

for every distinct p,q ^ {1,2,3,4,5,6} and distinct i',i" e {1,2,3}. The matrix 
(Xki) is denoted by A G K^""^. 

3. Let j' G {l,...,ui}, /' G {mi + l,...,wi + U2}, f" e {m + U2 + 
l,...,ri}. The assumptions of the lemma and item 2 show that the matrix 
A[l, 2, 3, 4, 5|1, 2] and the tuple (wij'" , W2j"' , W3j"' , 'y4j"' , wsj'") satisfy the assump- 
tions of Lemma [2.141 We also see that the matrix A[l, 2, 3, 5, 6|1, 3] and the tuple 
(vij" ,V2j" ,V3j" ,v^j" ,vej") satisfy Lemma [2.141 the matrix A[l, 3, 4, 5, 6|2, 3] and 
the tuple {vij' , v^ji , v^ji , v^j> , VQj> ) satisfy Lemma 12.141 Thus there exist fk'j' , 
fk"r', fk"'j"' for k' G {1,3,4,5,6}, k" G {1,2,3,5,6}, k'" G {1,2,3,4,5}, such 
that de g fk'j' = Vk'f, deg fk"j" = Vk"j", degfk"'j"' = Ufe"'j"', and and the con- 
ditions ([3^ hold for i G {1,2} if j G {ui + U2 + l,...,n}, for i G {1,3} if 
j G {mi + 1, . . . ,Mi + M2}, for i G {2,3} if j G {l,...,Ui}. 
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4. Now we define f2j', fij", fej'" by (I3.33p . p.34p . p.3ip . respectively. Note that 
from item 1 and tiie equation p.28|) it follows that deg/2j' = = V2j', degf4j" — 
= V4j„ , deg /ej'" = = vej'" ■ 

5. Items 3-4 show that the matrix F constructed is a lift of V, and the con- 
ditions (|332t hold for every i e {1, 2, 3}, j G {1, . . . , n}. Thus rankF < 3, so by 
Definition [mi rkxiV) < 3. Now Theorem [LTl implies that rkKiV) = 3. □ 

Theorem 3.11. Let a matrix V G M^''" be such that rkt{V) = 3. Let V{V) he 
formed by the columns 



1 





\ 




1 


oo 






( 


oo 


\ 













oo 








oo 






CXD 

















oo 






oo 

















oo 






oo 






















\ 


oo 


I 




\ 





J 




\ 





/ 



Then rkniV) = 3. 

Proof. 1. We have up to p.r.c. that 



(3.35) 



/ 


0.. 





oo . . 


OO 


oo . . 


OO 




0.. 





oo . . 


oo 


oo . . 


oo 




oo . . 


oo 


0.. 





oo . . 


oo 




oo . . 


oo 


0.. 





oo . . 


oo 




oo . . 


oo 


0.. 





0.. 







oo . . 


oo 


0.. 





0.. 





V 






«2 


"3 



r{v) = 



I 

we can assume w.l.o.g. that the minimal element of every column 



shows that l\ 

'5 



0, l\ > ll > G for every £ Li, 



> for every I G L2 



/3 
'6 



0, /i > 0, ^3 > for every 



By Lemma 
of V equals 0. 

2. Lemma 

I' e L3. 

3. Item 2 and the equation p.35|) imply that 6 G Qail^J") for every G L^, 
j" G {ui + 1, . . . ,-ui + U2}- Thus we obtain U Qsil^J")] > 3 for every 

l^eL\ 

Now we consider the two special cases, A and B. 

Case A. Let the cardinality of L^ be different from 1. Since rkt{V) — 3, L^ 
is not empty. Thus there are different elements containing in ^2- Remember that 
by item 2, P ~ {1^,0, 0,1^) for every P G L^. We have now the four cases to be 
considered. 

Al. Assume that the value of If is independent on P G L^. Then for every 
P G and j G {1, . . . , n} it holds that \&2{P,j) \ {5}| > 2. Item 2 thus shows 
that \&i{P,j) U e2(/^j)| > 3 for every P G L^. From item 3 it then follows that 

V up to p.r.c. satisfies the assumptions of Lemma [3T9l so rkxiV) — 3. 

A2. Assume that the value of Z| is independent on P G L^. Then for every 
P G £2 and j G {!,..., n} it holds that \&2{P,j) \ {1}| > 2. Item 2 thus shows 
that \<d2{P,j) U 63(/^, j)| > 3 for every P G L^. From item 3 it then follows that 

V satisfies the assumptions of Lemma ISJj so rkK{V) = 3. 

A3. Now let the value If — = dis be independent of P 



G L\ Then by 

Lemma [2.10[ for every {if, 0, 0, /|) G there exists a small enough e > such that 
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either (Zf+e, 0,0, /|+e) £ or (/^ -e, 0, 0, /f-e) £ i^. This implies that for every 
j e {!,...,«} it holds that either {1,5} C Q2{P,i) or {3,4} C e2(/^j). Thus 
if di5 > 0, then item 2 implies that |ei(;\ j) U e2(^^, j)| > 3 for every e L^. 
Analogously, if dis < 0, then |e2(/^,j) U 63(^3, j)| > 3 for every G L^. From 
item 3 it now follows that V up to p.r.c. satisfies the assumptions of Lemma 13.91 
so rkK{V) = 3. 

A4. Finally, let all the values ll, Z|, ll - /| depend on P e L"^. Then by 
Lemma [2.101 we can assume w.l.o.g. that there exist P,P,l^,P E such that 
If > If, Tl > ll q > If, ll > ll, q-Tl ^ ll-lf. Then we set h = min{Tl-ll,Tl-ll}, 
f ^ [If + /i,0, 0,?| + h). Lemma [^TD] implies that f' € L^. Note that for every 
j e {l,...,n} it holds that either |e2(^^,j)| > 3 or e2(€^,j) = {3,4}. Thus we see 
that the matrix V and the tuples P,£'^,P satisfy the assumptions of Lemma 1531 so 
rkKiV) = 3. 

The cases A1-A4 cover all the possibilities, so under the assumptions of Case A 
we obtain rkK{V) = 3. 

Case B. Now we assume that is a singleton {P}, and that for every P E Li 
it holds that Z3 < Z5. We will prove that in this case rkxiV) = 3. 

Bl. By Lemma rfct(V^[l, 2, 3, 4, 5]) < 3. Theorem O implies that 

rfci<-(V^[l,2,3,4,5]) < 3. Definition [Tel now shows that there exists G" G K^""" 
such that F[l,2,3,4, 5] = degG" and rank{G") < 3. Analogously, there exists G' 
such that V^[l, 3, 4, 5, 6] = deg G" and rank{G') < 3. 

B2. Every four rows of G' and of G" are therefore linearly dependent over K. 
In particular, for every j £ {I, . . . ,n} it holds that 

(3.36) Xiigij + \21g2j + A3i.g3j + ^^Wb] = 0, \12gij + ^29'^^ + A4254J + ^^2g'ij = 0, 

(3.37) \i2g'ij + A3253J + A4254J + A52ff5j = 0' + AsaSsj + AssSsj + Aeaffej = 0- 

We also set A4i=Agi=A22=A62=A22=A62=A23=A43=0. Multiplying the equa- 
tions p.36p and p.37p by elements from K*, we assume w.l.o.g. that 

6 6 6 ~ 6 

min{degAei} = min{degAe2} = min{degA6/2} = min{degAe3} — 0. 

6—1 6 — 1 6—1 6 — 1 

B3. From Lemma [2.111 it now follows that (deg An deg A21 deg A31 deg A51) G 
i\ (degAi2degA32degA42degA52) G i^, (deg A12 deg A32 deg A42 deg A52) G L^, 
(deg Ai3 deg A33 deg A53 deg A63) G L^. 

B4. The assumption of Case B shows that 

(deg A12 deg A32 deg A42 deg A52 ) = (deg A12 deg A32 deg A42 deg A52 ) , 

so, multiplying the rows of G" by elements of a zero degree from K, we assume 
w.l.o.g. that (A12A32A42A52) = (A12A32A42A52). 

B5. We also set gk"j" = g'lny, for k" G {1, 2, 3, 4, 5}, 3" G {iti + M2 + 1, . . . , n}, 
then deg(7fe"j" — Vk"j"- Set 

fo oo\ „ Ai3ffij» + . . . + X^sgsj" 

(3.3«j gej" = : . 

^63 

Note that deg (A53(75j") = 0, and by item 1, all the other terms in the numerator 
have a positive degree. So we get deggej" = = vej". Moreover, the equa- 
tion p.38p implies that the condition 

(3.39) Xugij -I- . . . + Xeigej = 
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holds for j E {ui + U2 + I, ■ ■ ■ ,n}, i — 3. The equatfon (|3.36|) shows that p.39p 
holds for j e {ui + U2 + 1, . . . , n}, i g {1, 2}. 

B6. We now set gk'j' = 9'^,^, for k' e {1,3,4,5,6}, / e then 
deg gk'j' = Vk'j'- Set 

Aiiffij/ + X3193J' + ■ ■ ■ + Agigej/ 
(3.4Uj .92/ = ^ ■ 

Note that deg (Angij') = 0, and by item 1, all the other terms in the numerator have 
a positive degree. So we get deggij' = = vij' . Moreover, the equation (|3.40p im- 
plies that the condition (|3.39|) holds for j G {1, . . . , ui}, i = 1. The equation p.37|) 
shows that holds for j e {I, . . . ,ui}, i e {2, 3}. 

B7. Finally, let j G {ui + 1, . . . ,ui + ^2}- 

B7.1. By item 2, degAsa = 0. The infiniteness of C therefore allows us to find 
93j, 95j such that degg^j = v^j = 0, degg^j = v^^ = 0, deg(A3353j + K^g^j) = 0. 

B7.2. By item B3, (deg An deg A21 deg A31 deg A51) G L^, so from item the as- 
sumption of Case B it follows that deg(A3i.g3j) < deg{\^ig^j). The definition of 
the set now implies that either r = 1 or r 2 provides the minimum for 

min {degAri + Wt?}- The infiniteness of C therefore allows us to find gi,, 027 

Te{l,2,3,5} 

such that deggij Wj, degg2j = W2j, A ngij + A21.92J + A3ig3j + Xsigsj = 0. By 
item B2, A41 = Agi = 0, so the condition p.39p holds for j e {m -I- 1, . . . , ui -|- U2}, 
i = 1 for any 54^, ggj- 
B7.3. We set 

fn AT\ Ai3gij + A33g3j + A53g5j 

(3.4ij gej = r . 

•^63 

By item 1, deg (Ai3gij) > 0, so from item B7.1 it follows that degggj = = vqj. By 
item B2, A23 = A43 — 0, so the condition p.39p holds for j e {ui + 1, . . . , mi + U2}, 
i = 3 for any g^j. 
B7.4. We set 

/o An\ Ai2gij + A22g2j + A32g3j -I- X5295] + A6256J 

(3.42) g4j = . 

'^42 

Note that deg (A32g3j) = 0, and item 2 shows that all the other terms in the numer- 
ator have a positive degree. So we obtain degg4j = '^4^, and the equation p.42p 
shows that p.39p holds for j G {ui + 1, . . . ,ui + U2}, i — 2. 

B8. Items B5-B7 construct a lift G of such that the conditions (|3.39p hold 
for every i G {1,2,3}, j G {l,...,n}. Thus rankG < 3, so by Definition 11.61 
rkxiV) < 3. Now Theorem 11.71 implies that rkxiV) = 3 and completes the 
consideration of Case B. 

Now we can finalize the proof of Theorem 13.111 This is done by reductio ad 
absurdum. 

FO. Indeed, assume rkxiV) ^ 3. 

Fl. Cases A and B show that = {P}, and that £l < £j for some G L^. 

F2. If for every J G {ui+M2 + l,...,n} it holds that Oiii'^ J) U &2{l^ J) > 3, 
then item 3 shows that V satisfies up to p.r.c. the assumptions of Lemma 13.91 This 
gives a contradiction with assumption FO. 

Thus there exists j G {ui + U2 + 1, . • • , "-} such that 9i(^\ j) U 62(^^, j) = 2. 
Items 2 and Fl now imply that P ~ {b, 0, 0,a + b) for some a,b > 0, and Qi{£^,j) — 
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^2(1^, j) — {1, 5}. The jth column of V in this case has the form 

/ « \ 

ai 

71 

72 



V J 

where ai > a, 71 > a + 6, 72 > a + 6. 

F3. Analogously, for l'^ G there exists j' G {l,...,ui} such that 

e2(/^ /) U e3(/M') = 2. item 2 now implies that 02(1^,1') = Qsil^J') = {1, 3}, 

so in this case the j'th column of V has the form 

/ \ 


6 

/3i 
1^1 

V ^2 / 

where /3i > &, > 6, 1^2 > b. 

F4. All the matrices that can be obtained from V by permutations of the first 
two and of the second two rows also satisfy the assumptions of the theorem being 
proved. 

F5. Item F4 allows us to apply the result of items F2-F3 to the matrices con- 
sidered in item F4, thus we see that the following columns appear in V: 



(3.43) 



/ \ 



b 

Pi 
V ^2 j 



( \ 



h 

b 

V ^4 j 



( \ 



y 
P'l 

V J 



( \ 



P'2 
b' 

V ) 



( « \ 

a 
71 

72 



V ) 



\ 



( «' 

a' 

ii 

l'2 



V J 



where a' > 0, &' > 0, a > a, a' > a', 71 > a + 6, 72 > a + b, 7^ > a' + 6', 73 > a' + b' , 
Pi > b, P2 > b, P[ > b', l3'2 > 6', Vl, ... ,1^4 are greater than b, 1^5, ... , are greater 
than 6'. 

F6. Item F4 allows us to assume w.l.o.g. that a < a' , b < b' . We consider the 
matrix formed by the 1st, 3rd, 4th, and 5th rows of the 1st, 2nd, 5th, and 6th 
columns of (|3.43l) 



P2 
b 

We note that the permanent of S equals a 
provided by the unique permutation (132) 6 ^4. By Definition II. 2[ rkt{V) > 4. 
The contradiction obtained shows that the assumption FO fails to hold. Thus we 
actually have rkK{V) — 3. □ 



5* = 



/ 

b 

Pi 

V -1 



a 

71 
72 




I'l 

l'2 



26, and the minimum in (II. ip is 



Theorem 3.12. Case (i) of Theorem \3.1\ is not realizable. 
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Proof. 1. Let a matrix V realize case (i), then rkt{V) — 3, rkK{V) > 3, and 



(3.44) 



V{V) 





0.. 





oo . . 


oo 


oo . . 


oo 


\ 




0.. 





oo . . 


oo 


oo . . 


oo 






oo . . 


oo 


0.. 





oo . . 


oo 






oo . . 


oo 


0.. 





oo . . 


oo 






oo . . 


oo 


oo . . 


oo 


0.. 









oo . . 


oo 


oo . . 


oo 


0.. 


_0 




V 


til 




1J.2 
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/ 



By Lemma 12.81 can assume w.Lo.g. that the minimal element of every column 
of V equals 0. 

2. For i e {1,2,3} we set 



(3.45) 



mm 



{min{w2i_ij , W2i,j}} ■ 



Note that if = oo (i.e., if W2i-i ,j = V2ij for any j G {!,...,«}), then the (2i — 1)- 
th and 2z-th rows of V coincide. Then Theorem 11.81 implies that rkK{V) — rkt{V) 
and gives a contradiction. Thus Hi G R, item 1 implies that /i^ > 0. 

3. By g(i) we denote any j £ {1, . . . ,n} that provides the minimum for (j3.45p . 

i.e. = mili{v2i-i^g(i) , V2i^g(i)} , 'y2i-l,g(i) 7^ ^2i,g(i)- 

4. After renumbering rows and columns of V we can assume w.l.o.g. that 
g{l) G {ui + 1, . . . ,Mi +U2}, 5(3) G {1, . . 

Assume that mm{v5 ji , vej' } < /J.3 for every j' G {ui + 1, . . . , ui + M2}. Then by 
item 2, v^j' — vej' < Us for every j' G {ui + 1, . . . , ui + U2}, so we have 

M1+M2 

min {v5j} ^JIs < ^l3. 

j'=ui + l 

Now we add —/Is to every element of the last two rows of V and a small enough 
— £ < to every element of the first two. The matrix obtained then satisfies the 
assumptions of Theorem 13.111 and gives a contradiction with item 1 . 

Therefore we have that min{'i;5/j(3), W6/i(3)} > Ms for some /i(3) G {ui + 1, . . . ,ui + 
7x2}- Analogously, we see that min{tii;i(i), W2h(i)} > Mi for some h{l) G {ui + U2 + 
l,...,n}. 

5. From item 1 it follows that v^g = V4g = for g G {ui + 1, . . . ,Mi + U2}. 
By item 4, W3c,(i) = ^4g(i) = 0, and the numbers W5£,(i) and ^63(1) ^-re positive. 
Analogously, wig(3) = i;2g(3) = 1^5^(1) = VGh{i) = 0, i;3g(3) > 0, i;4g(3) > 0. 

6. Assume that V contains columns (we denote the numbers of these columns 
by 71 and 72, respectively) of both of the following forms: 



(3.46) 



/ Ml \ 





V ^2 / 
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(3.47) 



/ ^2 \ 
Ml 






where ipi > /ii, -02 > Mi, and uJi, . . . ,104 are all greater than /zi +1^3. Let us note 
that by item 5, the matrix t/[5, 6, 1, 2|n, (7(3), 71, 72] equals 



where xii Xi are positive. From item 3 it also follows that ml ^ m" and 
minim', m"} — fj,^. The permanent of S equals 2/j,i + /is, and the minimum in (jl.ip 
is given by a unique permutation. Thus S is tropically non-singular, rkt(V) > 4. 
The contradiction shows that at most one of (|3.46l) and p.47p appears as a column 
of V. We assume w.l.o.g. that p.46p does not appear. 

7. Let the tuple (h^hjhjh), min{/i, Z2, Z3, Z5} = 0, realize the tropical depen- 
dence of rows of V[l, 2, 3, 5]. Lemma [2.41 implies that li=l2=0, I3 > 0, Z5 > 0. 

Assume that I3 / /ti. Since the minimum over {'yig(i) + h,V2g{i) + ^2,^39(1) + 
^3i ^5c/(i) +^5} = {vig(i) , V2g(^i) , I3, V5g(i) +I5} is attained at least twice, item 3 shows 
that Z5 < min{Z3,/ii}. Now from item 5 it follows that f5h(i) + I5 < min{Z3,/ii}, 
from item 4 that min{z;i,,(i) -|- li,V2h{i) + k, ^'3/1(1) + ^3} > niin{;3, /ii}. 

The contradiction with Definition 11.31 shows that I3 — iii- If ^5 < /ii, then item 
5 implies that Vr^h^i) + I5 < item 4 that inm{vih(i),V2hii),V3h(i) + Mi} > Mi- 
This also contradicts Definition 11.31 so Z5 > ^i- 

8. From Theorem 12.161 it follows that every four rows of V are tropically de- 
pendent. Item 7 shows that there exists yi € M, yi > /ii, such that the tuple 
(0, 0, /ii, j/i) realizes the tropical dependence of rows of ^[1,2,3, 5]. The similar 
argument shows that there exists 2/3 G K, 2/3 > /i3, such that the tuple {^3, 1/3, 0, 0) 
realizes the tropical dependence of rows of V[l, 3, 5, 6]. 

9. There are the two possible cases for the value of g{2). Case A, g{2) e 
{ui -I- ii2 + 1, . • . , n}, and Case B, g{2) € {1, . . . , ui}. We will consider these cases 
separately. 

Case A. So, let 5(2) e {ui -f 1*2 -I- 1, ... , n}. 

Al. The argument similar to one of item 4 shows that min{t;3^(2)j ''^4h(2)} ^ M2 
for some h{2) e {1, . . . , ui}. 

A2. The argument similar to one of items 7-8 now shows that there exists y2 G M, 
2/2 > M2, such that the tuple (y2,0, 0, /i2) realizes the tropical dependence of rows 



S 



to' Wl W3 \ 

to" a;2 W4 

Xi 1p2 

\ X2 Vi Ml / 



of y[l,3,4,5]. 
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A3. The argument similar to one of item 6 allows us to assume w.l.o.g. that the 
following columns do not appear in V: 







\ 


/ 




( 


, /// 

^1 


\ 




^' 






















/ l" 

















^2 
















M3 











V 


^2 


/ 


V r 


) 


V 





/ 



where V"' > Mi, V'" > /^3, i'"' > M2, uj[ > fii + ^3, > Mi + M3, > /i2 + Ms, 
W2 > + M3, t^i' > Ml + M2, ^^2 > Ml + M2- 
A4. We set 



/ 


1 




2t^-= 


\ 




1 












2M'i 


1 


ty3 









1 











2M'2 


1 




V 








1 


/ 



We will show that there exists a lift FofV such that 
(3.48) Aii/ij + \2if2j + ^sifsj + ^iifij + ^5if5j + ^eifej = 

for every j G {1, 2, 3}, j £ {1, . . . , n}. 

A5. First, let j G {!,..., ui}. By item 1, uij = V2j = 0, item A3 shows that 
«5i ^ M3, or v^j < M3, or < M2 + Ms, or 1)4^ < M2 + Ms- Items 8 and A2 imply 
that in any of these cases the matrix 



/ 


IVl 




\ 




1 








1 









2t^2 


1 




V 





1 


/ 



(which is obtained from A by removing the first column and the second row) and 
the tuple (wi j , , , v^j , wgj ) satisfy the assumptions of Lemma 12.141 Thus there 
exist fij,f3j,f4j,hj,f6] G K such that deg fk>j = Vk'j for k' £ {1,3,4,5,6}, and 
>yii' fij + >^3i' hj + >^i' fij + ^5i' fb] + hi' fs] = for i' e {2, 3}. Since A22 = A23 = 0, 
the conditions p.48p hold for i G {2, 3} and for any f2j. 
We set 

(3.49) f2j — — Aii/ij — Aai/sj — X4if4j — hifsj — hifej- 

Now the conditions p.48p also hold for i = 1. The equation (|3.44l) shows that 
•^11/ij is the unique term with non-positive degree in the right-hand side of (j3.49p . 
Thus we have deg f2j = = V2j ■ 

A6. We note that the cases j G {l,...,ui}, j G {ui + l,...,Ui -I- M2}, and 
J G {ui + U2 + 1, ■ ■ ■ ,n} are the same up to renumbering the rows and the columns 
of V. Thus for every j G {1, . . . , n} we can prove that there exist fij, . . . , f^j G K 
with degrees vij , . . . , ugj , respectively, such that the conditions (|3.48p hold for every 

«e {1,2,3}. 

The definition of A shows that every row of the matrix F constructed is a linear 
combination of its first, third, and fifth rows. By Definition 11.61 rkK{V) < 3. The 
contradiction with item 1 completes the consideration of Case A. 
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Case B. Now let g{2) e {1, . . . , m}. 

Bl. The argument similar to one of item 4 shows that min{w3/i(2)j ''^4h(2)} ^ 
for some h{2) G {ui + M2 + 1, . . . , n}. 

B2. By Lemma nil rfct(y [1, 2, 3, 4, 5]) < 3. Theorem O implies that 
rkK{V[l,2,3,4,5]) < 3. Definition [L6] now shows that there exists F' G K^""" 
such that V[l,2, 3, 4, 5] = deg F' and rank{F') < 3. 

Every four rows of F' are therefore linearly dependent over K. In particular, for 
every j £ {1, . . . , n} it holds that 

(3.50) Xiif'ij + \21f2j + ^31 fsj + Asi/sj = 0, X12 fij + ^32/3^ + A42/4J + A52/5J = 0. 

B3. Multiplying the equations p.50p by elements from K*, we 
assume w.l.o.g. that minjdeg An, deg A21, deg A31, deg A51} = 0, 

min{degAi2,degA32,degA42,degA52} — 0. Lemma [2.111 shows that the tu- 
ples (deg All degA2i degA3i degAsi) and (deg A12 deg A32 deg A42 deg A52) realize 
the tropical dependence of rows of T^[l,2, 3,5] and F[l,3,4, 5], respectively. Item 
7 then implies that deg An = degA2i = 0, degA3i = /ii, degAsi = yi > /ii. Anal- 
ogously, we can get that degA32 = degA42 = 0, degAi2 = degA52 = j/2 > ^J■2■ 
We set also A41 = Aei = A22 = A62 = 0. 

B4. Item 8 shows that the tuple (/X3, 7/3, 0, 0) realizes the tropical dependence 
of rows of V"[l,3,5,6]. We set A23 = A43 = 0. Set also A13 = ^l^'^^ A33 = ^3^^'^ 
A53 — ^5, A63 = where G C* are such that 

(3.51) deg(ApiA^3 - AgiAp3) = min{degApi -I- deg A,3 , deg Agi -f degAj,3} 

for every distinct p, g G {1, 2, 3, 4, 5, 6}. The existence of such {^t} follows from the 
infiniteness of C. 

B5. Let f € {U1 + U2 + I,..., n}. We set fk'f = f'^.^ for k' G {1, 2, 3, 4, 5}. 
Item B2 shows that deg fk'y — Vk'j' ■ Set also 

/O ro^ f A13/1JV -I- A23/2J' + ■ ■ ■ + A53/5j> 

^^63 

Note that deg {Xbsfdj') = 0, and, by the equation p.44p . all the other terms in the 
numerator have a positive degree. So we get deg/gj' = = vej'- Moreover, the 
equation p.52|) implies that the condition 

(3.53) Aii/ij + \2if2j + X^ihj + Xiifij + X^if^j + XQifdj ~ 

holds for j G {ui + 1*2 + 1, . . . ,n}, i = 3. The equations p.50p show that p.53p 
holds for j G {ui + U2 + 1, . . . , n}, i G {1, 2}. 

B6. Now let j" G {1, . . . , wi}. The equation (|3.5ip and items B3-B4 imply that 
the matrix 

/ A12 A13 \ 

A32 A33 
A42 A43 
A52 A53 

\ A62 A63 / 

and the tuple (wij" , U3j" , v^jn , usj" , v^jn ) satisfy the conditions of Lemma 12.141 
Thus there exist /ij" , f^j" , f^^j" , /s/' , hj " € K such that deg fk"j>' = Vk"j" for ev- 
ery k" G {1, 3, 4, 5, 6}, and the condition (I3.53P holds for j G {1, . . . , wi}, i G {2, 3}. 
Set also 

j-g g^-j ^ All/lj» + A31/2J" + . . . + Afil/Sj" 

A21 
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Note that deg (An/ij") — 0, and, by the equation p.44p . aU the other terms in 
the numerator have a positive degree. So we get deg f2j"—0=V2j" ■ Moreover, the 
equation (|3.54p impUes that the condition (|3.53p holds also for j G 
i = 1. 

B7. Finally, let j'" e {ui + 1, . . . ,ui +U2}. Item 1 implies that v^jm = V4j>i> = 0, 
item 6 that vij/n 7^ /xi, or V2j"' < Hi, or v^jm < /ii + /13, or VQjm < fii + /ia. By 
items B3-B4, in any of these cases the matrix 



and the tuple {vij"i , V2j"' , waj'" , wsj'" , wej"' ) satisfy the assumptions of Lemma r2.14[ 
so there exist fif , f2j"' , fsj'" , /sj'" , fs j'" su ch that deg fk"'j'" = Vk">j>" for every 
k'" e {1, 2, 3, 5, 6}, and the condition p.53p holds for j e {ui + 1, . . . , wi + U2}, 
i £ {1,3}. Set also 



Note that deg {\j,2fj,j"') = 0, and, by the equation (I3.44p . all the other terms in the 
numerator have a positive degree. So we get deg /4j"' = = Vijn, . Moreover, the 
equation p.55p implies that the condition p.53p holds also for j e {ui + 1, . . . , wi + 
U2}, i = 2. 

B8. Items B5-B7 show the existence of a matrix F such that V = deg F, and the 
conditions p.53p hold for every i e {1, 2, 3}, j S {1, . . . , n}. By items B3 and B4, 
every column of F is then a linear combination of its first, third, and fifth columns, 
so by Definition 11.61 rkxiV) < 3. The contradiction with item 1 shows that Case 
B is also not realizable. The proof is complete. □ 

Now we can prove the main result of this section. 

Theorem 3.13. Let A G M^""' be such that rkt{A) = 3. Then rkxiA) = 3. 

Proof. If rkxiA) > 3, then, by Theorem l3.11 we can assume w.l.o.g. that A satisfies 
one of the cases (i)-(v). Theorems 13. 2[ 13. 3[ 13.61 13.81 13.121 show that none of these 
cases is realizable, so rkK(A) < 3. By Theorem 11.71 we get rkK(A) =3. □ 



This section finalizes the proof of the main result of our paper. Example 11.91 and 
the following will be now important. 

Example 4.1. [4] Let 



/ An 

A21 
A31 
A51 




(3.55) 



A12./1J"'" + A22./2J"'" + ^32.f3j"' + A52/5i"' + ^62 fej'" 
A42 



4. The main result 



/ 1 



1 
1 




1 







1 
1 





1 



1 



1 
1 









1 



1 
1 









1 



1 
1 





\ 



c 







1 








1 



1 



V 1 



1 / 



Then rkt{C) = 3, rkK{C) = 4. 
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Proof. The proof can be given by a straightforward appUcation of Definitions 11.21 
andini See also [H Section 7]. □ 

Theorem 4.2. Let A e M''^" be such that rkt{A) = r, rkxiA) > r. Then there 
exist A' e Rid+^xn^ g Kdx(n+i) ^^^^ ^f^^^ rkt{A') ^ rkt{A") = r, rkniA') = 
rkKiA") > r. 

Proof. It is enough to note that by Definitions ll.2l and ll.61 the tropical and Kapra- 
nov ranks of a matrix are invariant with respect to adding a repeating row or 
column. □ 



Using the construction provided in [4, Section 7], we prove the following theorem. 

Theorem 4.3. Let A e M'^^" be such that rkt{A) = r, rkxiA) > r. Then there 
exists B G k(''+i)^("+i' such that rkt{B) =r + l, rkxiB) > r + 1. 



Proof. By Lemma [2.81 we can assume w.l.o.g. that the minimal element of every 
row and every column of A equals 0. By P we denote the largest tropical permanent 
over all r-by-r submatrices of A. We set 

/ 

A 



B = 



V P + 1 + fldi ... P+l+adn 

implies that rkt{B) < r + 1. 



P+l+am \ 
P+ 1 



a-dr, 







Lemma 12.81 implies that rkt{B) < r + 1. The choice of P also shows that the 
matrix _B[/ii, . . . , /i^, d + l|ci, . . . , c^, ?i + 1] is tropically non-singular if a matrix 
A\hi, . . . ,hr\ci, . . . ,Cr\ is. Thus we see that rkt{B) = r + 1. 

It remains to check that rkK{B) > r + 1. Indeed, let F be a lift of B. We denote 

D = Id+i - •^*''';+^^^-''+^ e K'^d+i)x{d+i) 



k=l 



where I^+i is the identity matrix, U^ ^+i the matrix units. Since D is non-singular, 
we obtain rank{DF) — rank(F). One can note that 



(4.1) 



DF 



\ fd+1,1 



fd+1 



fd+ 



l,n+l 



7 



where A is a lift of A. The assumptions of the theorem show that rank(A) > r. 
Equation (|4.ip implies that rank{DF) = rank{A) + l. Thus we see that rank{F) > 
r + 1. □ 

Now we can obtain an answer for Question 11.101 

Theorem 4.4. Let d, n, r be positive integers, r < min{c?, n}. Then d-by-n matrices 
with tropical rank less than r always have the Kapranov rank less than r if and only 
if one of the following conditions holds: 

(1) r < 3,- 

(2) r = min{(i, n}; 

(3) r = A and minjd, n} < 6. 
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Proof. Let A e M''^". If rkt{A) < mm{d,n}, then Theorem [TJl implies that 
rfcif(A) < mm{d,n}. If rkt{A) < 3, then Theorem 11.71 shows that rkxiA) = 
rkt{A). If rkt{A) = 3 and mm{d,n} < 6, then from Theorems 11.81 and 13.131 it 
foUows that rkt{A) = rfcx(A). 

Now assume that the conditions (l)-(3) fail to hold. It is enough to show how 
to construct a matrix B £ M''^" such that rkt{B) < r, rkxiB) > r. Indeed, for 
r = 4, min{d, n} > 7, we construct it via Example 14.11 and Theorem 14.21 For 
5 < r < minjd, n} — 1, minjd, n} > 6, we use Example 1 1 . 9 1 and apply Theorems 14.21 
and 1131 □ 

It is noted in Question 11.101 that the r-hy-r minors of a d-hy-n matrix form a 
tropical basis if and only if every d-hy-n matrix of tropical rank less than r has the 
Kapranov rank less than r. Thus Theorem 11.111 follows directly from Theorem 14.41 
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